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Abstract. In this last article of the series on outer actions of a countable 
dicrete amenable group on AFD factors, we analyze outer actions of a count- 
able discrete free abelian group on an AFD factor of type Wx, < A < 1, and 
compute outer conjugacy invariants. As a byproduct, we discover the asym- 
metrization technique for coboundary condition on a T-valued cocycle of a 
torsion free abelian group, which might have been known by the group coho- 
mologists. As the asymmetrization technique gives us a very handy criteria 
for coboundaries, we present it here in detail in the second section. 
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§0. Introduction. 

This article concludes the series of our joint work, [KtTl],[ KtT2], and 
[KtT3], on the outer conjugacy classification of outer actions of a countable 
discrete amenable group on an approximately finite dimensional, (abbrevi- 
ated to AFD), factor by examining outer actions of a countable discrete 
abelian group G on an AFD factor 5lx of type lE^, < A < 1. The cocycle 
conjugacy classification theory of actions of a countable discrete amenable 
group on an AFD factor had been completed through the work of many 
mathematicians over three decades, [CnnS, Cnn4, Cnn6, Cnn7, Jn, JT, Ocn, 
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KtSTl, KtST2, KwST, STl, ST2, ST3], prior to the outer conjugacy classi- 
fication theory. 

Unhke the general classification program in operator algebras, the outer 
conjugacy classification of a countable discrete amenable group on is 
almost smooth as shown in the series of previous work, see [KtT3]. Only 
non-smooth part of the classification theory stems from the classification of 
subgroups N of G: for instance the classification of subgroups of a torsion free 
abelian group of higher rank is non-smooth. We refer the work of Sutherland 
concerning Borel parameterization of polish groups, [St2]. When the modular 
automorphism part = Q;~^(Cntr(M)) of the outer action d of G on is 
fixed, the set of invariants becomes a compact abelian group. It is a rare case 
in the theory of operator algebras. So we are encouraged to make a concrete 
analysis of outer conjugacy class of a countable discrete amenable group. Of 
course, without having a concrete date on the group G involved, we cannot 
make a fine analysis. So wc take a countable discrete free abelian group G 
and study its outer actions on ^x and identify the invariants completely. 
The justification of this restriction rests on the fact that all outer actions of 
a countable discrete abelian group A can be viewed as outer actions of G by 
pulling back the outer action via the quotient map: G ^-^ A. Thanks to all 
hard analytic work on the cocycle conjugacy classification in the past, cited 
in the reference, our work is very algebraic and indeed done by cohomological 
computations. 

We will begin first by relating the discrete core of 5lx and the core of an 
AFD factor Jii of type lUi. This analysis will enable us to have a simple 
model construction with given invariants, which is presented here in Section 
1. Single automorphisms and a pair of commuting automorphisms of Oix 
are studied first. Then we will work on the asymmetrization of a cocycle 
of a countable discrete abelian group which will provide a powerful tool 
for analysis of the third cohomology group H^(G, T). The general theory 
of group cohomology is available to us today, for example see [Brw]. But 
we have to work with individual cocycles to analyze outer actions. So we 
have to have a tool to work with a cocycle directly beyond the computation 
of the cohomology group. For example, we have to identify which data 
of a given cocycle contributes to the modular automorphism part of the 
action in question. Thus we will work on the cohomology group based on 
a very primitive method of chasing cocycles, through which we discover the 
asymmetrization technique which provides us a quite handy criterion for the 
coboundary condition on a cocycle of a torsion free abelian group. In our 
previous work, [KtTl, KtT2, KtT3], the outer conjugacy classification of a 
countable discrete amenable group outer actions were studied by a resolution 
of the relevant third cocycle. In the abelian case, it is shown that there is a 
universal resolution group which takes care of all third cocycles at once which 
simplifies greatly the investigation of outer actions of a countable discrete 
abelian group. The reduced modified HJR-sequence will provide us a tool to 
chase the cocycles along with the asymmetrization technique. The first step 
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of studying outer actions of countable discrete abelian group G on a factor 
M of type DIa, < A < 1, is to find a countable discrete amenable group H 
and a surjective homomorphism ttg: H G so that the pull back 7r*(c) is a 
coboundary, the process called the resolution of a co cycle c G Z^{G,T). Then 
the outer action a is identified with a lifting ^a) of an action a of H through 
a cross-section Sh '■ G ^ H of the homomorphism ttq. Luckily, a countable 
discrete abelian group G admits a universal resolution {H, ttq}, a group H 
and a surjective homomorphism ttq : if G such that 7T^(H^(i!/", T)) = {!}• 
The group H is constructed via relatively simple process from a countable 
discrete free abelian group G. This makes us possible to reduce the study of 
an outer action d of G to that of an action a of H. Now, the action a of 
H does not lift to the discrete core Md if mod (a) ^ 1. So we construct a 
central extension Hm of H: 

> Z ^ Hm > H > 1 

and work with the characteristic cohomology group A(/fm,L, M, T) where 
the normal subgroup L stands for the inverse image L — t:~\N) with N = 
Q;~^(Cnti.(M)). Thus we are going to investigate the reduced modified HJR- 
sequence: 

H^(iy,T) A{Hm,L,M,T) — ^ H^"* (G, TV, T) li^{H,T) 



H2(iy,T) A(iy,M,T) h3(G',T) H\H,T) 

Here s is a fixed cross-section of the quotient map: G ^ Q = G/N. The 
groups appeared on the above exact sequences are all compact abelian groups 
and are indeed computable as shown in this paper. 

We refer [Brw, EMc, McWh, Hb, Jn] for the general cohomology theory of 
abstract groups and [Stl] for the cohomology theory related to von Neumann 
algebras. We refer [Tkl, Tk2, Tk3] for the general theory of von Neumann 
algebras. Concerning the discrete core of a factor of type Mx, we refer [Cnnl, 
Cnn2, CT, FTl and FT2]. 

This work was originated from the authors' visit to the Erwin Shrodinger 
Institute, Vienna, and the University of Rome, La Sapienza, in the spring 
of 2005 and further developed throughout the subsequent years. The sec- 
ond named author visited the Erwin Shrodinger Institute in the fall of 2008 
again where the final touch on the joint work was given. The authors are 
greatly indebted to these institute, in particular to Professors Klaus Schmidt 
and Sergio Doplicher who made our collaboration possible and pleasant. We 
would like to record here our sincere appreciation to their support and hos- 
pitality. 
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§1 Simple Examples and Model Construction. 

Factors of Type Ha and Type Hi, and Their Cores: We begin by the 
foUowing folklore theorem in the structure theory of factors of type IH. 

Theorem 1.1. Let {Mo,i, r, 9} be a factor of type Eoo equipped with faithful 
semi finite normal trace r and trace scaling automorphism 9 by X,0 < X < 1, 
i.e., T°9 = At and let M = M.q i be the fixed point subalgebra o/Mo,i by 9. 
Then we have the following statements: 

i) The von Neumann algebra M is a factor of type 11^; 

ii) The triplet {Mo,i,r, 6*} is conjugate to the discrete core of M; 

iii) For an automorphism a e Aut(Mo,i), the following statements are 
equivalent: 

a) a{M) = M; 

b) a°9 = 9°a. 

iv) Let Aut(Mo,i, M) be the group of automorphisms o/Aut(Mo,i) leav- 
ing M globally invariant. Then we have the following exact sequence: 

> Z Aut(Mo,i,M) Aut(M) > 1; 

v) The subgroup {9'^ : n & Z} is the Galois group of the pair {Mo,i,M} 
in the sense that 

{9"" :neZ} = {ae Aut(Mo,i) : a(x) = x,xe M}. 

vi) If a E Aut(Mo,i,M), then the modulus modjvtQ ^ (a) as a member 
o/Aut(Mo,i) gives the modulus mod3Y[(Q:) of the restriction a\j^ e 
Aut(M) in the following way: 

modM(a) = 7rT'(modMo,i(a)) e R/T'Z, 

where 

T' = -logA, T=|^, 
TTT' : s eR^ ST' = s + T'Z e M/T'Z. 

Proof. The statements (i) and (ii) are known in the general structure theory 
of a factor of type IK, see [Tk2, Chapter XII, §2 and §6]. 

v) We prove the statement (v) first. Let V' be a generalized trace of M, 
i.e., a faithful semi-finite normal weight on M such that V'(l) = +oo 
(7^ = id. Then the covariant system {Mo,i,^} is conjugate to the dual 
system |m x^^ ]R/TZ,Z, (7V'|. So we identify them, so that Mo,i admits a 
periodic one parameter unitary group {tt'^(s) : s e R}: 

w^(T) = l, = A*"w^(s), and = Ad(«^(s))|M, s e M. 
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Furthermore, the one parameter unitary group : s G M} together with 

l[(M) generates the normalizer Uo(M) = {f e U(Mo,i) : vMv* = M}, giving 
the semi-direct product decomposition Uq = 'U(M) xi^.^ R/TZ. Suppose that 
ct G Aut(Mo,i) leaves M pointwise fixed. We then show that x E M and 
u^{s)*a{u'^{s)),s G R, commute: 

xu^(s)*q;(w^'(s)) = u^' (s)* u"^ {s)xu^ (s)* a[u^ (s)) 
= u^{syaf{x)a{u^{s)) = u^{sya{af{x)u^{s)) 
= «^(s)*a(w^(s)a;) = «^(s)*a(«^(s))a;, 

so that u^(s)*q:(u^(s)) = Mo,i H M' = C. Hence there exists a scalar 
IJ,{s) G T such that 

q;(w^(s)) = //(s)w^(s), S G R. 

Since u^iT) — 1, we have //(T) = 1. Since //(s + = iJ,{s)iJ,{t), s, t G R, we 
have 

^(s) = A'"*, s G R, for some n G Z. 

Since M together with \^u^{s) : s G R} generate the whole algebra Mo,i, we 
conclude that a = This shows (v). 

iii) Suppose that a G Aut(Mo,i) leave M globally invariant. Let /? = 
ajyi = ctljvt be the automorphism of M obtained as the restriction of a to M. 
Then the uniqueness of a generalized trace on M gives a scalar s G R and a 
unitary v G UCM) such that 

e-> = V'o(Ad(v)o/?). 

This means that 

mod(/?) = mod(Ad(v)o/9) = s^., = s + T'Z G R/T'Z, 

and that cr'^ and Ad{v)°(3 commute. Hence it is possible to extend Ad(v)°/3 
to the automorphism 7 G Aut{Mo,i} such that 

-f{u^{t)) =u^{t), teR, -fix) = Ad{vy(3{x), xeM. 

Now we compare a and 7 on M: 

7(x) = Ad{v)o(3{x) = Ad{v)°a{x), x e M. 

From (v) it follows that a is of the form: 

a = roAd(w*)o7. 
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for some n e Z. Since 6 commutes with both 7 and Ad(f ), a and 6 commute. 
Hence the imphcation (a) (b) foUows. The reversed imphcation: (6) =^ (a) 
is trivial. So the proof of (iii) is complete, 
iv) This follows from (iii) and (v). 

Let |m,M,t,^| be the non- commutative flow of weights on M so that 

the covariant system {Mo,i, 9} is identified with {M V {'(/'}, 6't'} 

vi) Fix a member a e Aut(Mo,i, M) and let m{a) = mod(Q!) G M so that 

Consider the crossed product 

M = Mo,i xe^ = M0£;(£2(Z)) 
and the generalize trace ip = t°8, on M: 

ip{x) ^ ToE{x) ^ t[ / 9s{x)ds], xeM+. 
\Jr/tz 



With U G 'U(M) the unitary corresponding to the crossed product Mo,i xie^, 
we extend a to 5 G Aut j by: 

a{x) — a{x), X G Mo,i, a{U) = U. 
Then we have for each x G M+ 





ip°a{x) — T\ / 9s{a{x))ds \ — rial / 9g{x)ds 
Ir/tz J \ \Jr/tz 

e-"-(«)r| / 9s{x)ds 

1/T2 



i(a) 



</p(x). 



Hence we get 



mod(5) = [m(a)]y, = m{a) + T'Z G R/T'Z. (1.1) 

Since the covariant systems {M, a} and |m, sj are cocycle conjugate, we 
have mod(5) = mod(Q!). This completes the proof. ^ 

Now, we denote by %) an approximately finite dimensional factor of type 
Ii throughout the paper. 

A factor Mi of type Hi generates one parameter family {Ma : < A < 1} 
of factors of type 111^, who share the same discrete core Mo,i. So let Mi 
be a factor of type Hi, and {Mq^i, 9s, s G R} be the non-commutative flow 
of weights on Mi, i.e., Mo,i is a factor of type loo equipped with a trace 
scaling one parameter automorphism group {9s : s G M} and a faithful semi- 
finite normal trace r such that 

Ml = M^ 1, To9s = e-'r, s e R. 

The following is a folklore theorem in the structure theory of type IK. 
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Theorem 1.2. In the above context, fixing T' > 0, set 

T' „ 27r 

and let Ma be the fixed point subalgebra Mq^/ of Mo,i under the automor- 
phism Ot' ■ Then the following statements hold: 

i) The subalgebra Ma C Mo,i is a factor of type W\, whose discrete core 
is conjugate to the pair {Mq, 1,6*2-'}. 

ii) The triplet {Mo,i, Ma, ^t'} is a Galois triplet in the sense: 

Gal(Mo,i/MA) = {e^> : n e Z}, 

where 

Gal(M/N) = {a e Aut(M) : a\y^ = id} 

for any pair 3\f C M 0/ von Neumann algebras. Furthermore, we have 
the following exact sequence: 

1 > {e^, : n e Z} > Aut(MA)m > Aut(MA) > 1 

and 

Aut(MA)m = {ae Aut(Mo,i) : 5(Ma) = Ma} 
= {5 G Aut(Mo,i) : aoOrp, = 6't'°5}. 

iii) Another pair {Ma, Mi} forms a Galois pair: 

Gal(MA/Mi) = {Os^, :st' = s + T'Z e M/T'Z, s e R}, 

i.e., an automorphism a e Aut(MA) is of the form a = dg^, for some 
st' G R/T'li if and only if a{x) = x,x & Mi. 

iv) The modulus of 9s^, e Aut(MA) is precisely —st' G M./T'Z itself, 
i.e., 

mod(^^^,) = -st' e R/T'Z. 

If any one o/Ma,Mi and Mo,i is approximately finite dimensional, then 
all others are approximately finite dimensional and in addition the following 
statements hold: 

y) If a & Aut(MA) has aperiodic modulus m = mod(Q!), i.e., if km ^ 
for every non-zero integer k & 'Z, or equivalently if 

then a is cocycle conjugate to 0-^. 
vi) If an automorphism a G Aut(MA) has trivial asymptotic outer period, 
i.e., Pa{c() — 0, then its cocycle conjugacy class is determined by its 
modulus m. = mod(Q;) G IR/T'Z. In fact, the automorphism a is cocy- 
cle conjugate to the automorphism 9-^<^ao on Ma — Ma<8)3^0j where 
ctq G Aut(3^o) is any aperiodic automorphism of the approximately 
finite dimensional factor OIq. Ifm^O, then we have 9^ ~ 9m^crQ. 
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Proof. We present a proof the statements (v) and (vi). Choose an auto- 
morphism a e Aut(MA) such that m = mod(Q;) is aperiodic. Let 5lo be 
an approximately finite dimensional (to be abbreviated to AFD afterward) 
factor of type Ii realized as the infinite tensor product of two by two matrix 
algebras 

nGZ 

relative to the normalized traces Tn = Tr/2 on M„ = M(2, C). Let ctq be the 
Bernouille shift automorphism of ^o, i-e., the automorphism determined by 
the following: 

VneZ / n€Z 

Then thanks to the grand theorem of Connes, [Cnn6, Tk3, page 267], a and 
Q! ® do are cocycle conjugate under the identification of Ma and Ma (8> 
because the asymptotic outer period pa(ct) of a is zero, Pa{(x) — 0. The same 
is true for 9yn, i.e., 9m ~c Om<S> o^o, where "~c" means the outer conjugacy. 
Since mod(Q:i (8) (^2) = mod(Q;i) + mod(Q;2) on Ma ® Ma — Ma, we have 

This proves the statement (v). 

vi) Suppose that 7? e N is the period of m e M/T'Z, i.e., the smallest 
non-negative integer with pm = 0. We assume that 0. Let 

{ej,k •■l<j,k<p} 

be the standard matrix units of the p x p-matrix algebra M(p;C), and for 
each n e N set M„ = M(p; C), n G N, and also consider the diagonal unitary 

Un = $^cxp|^27ri|^^-— i^^ei,i e U(p; C) C M„ 

of order p, i.e., u^ = 1. Now we identify the AFD factor with the infinite 
tensor product: 

neN 

and let 

(jp = ®Ad(wn) e Aut(D^o) e Aut(3lo). 

neN 

Then the automorphism cTp has the properties: 

o-p ^ Int(3?o), for /c = 1, ■ ■ ■ ,p - 1, and = id 

Om ~c Orn^ap on Ma = Ma®3^o, 
Om^O^m ~c id(g)id(g)crp on Ma®Ma = Ma®Ma®3^o, 
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If q; e Aut(MA) has the trivial asymptotic outer period Pa(ct) = 0, then the 
automorphism a has the properties: 

ar^cCTp^a on Ma = ^o0Mx, 
Om®a ~c id(g)(Jo on Ma0Ma = Ma®3^o, 

under the isomorphisms: 

Ma® 3^0 = Ma®Ma®Ma = 3?o®Ma = Ma- 

This completes the proof. 'v' 

Thus if mod(Q;) is aperiodic, or Pa{o) = 0, then the grand theorem of 
Connes [Cnn6, Tk3, page 270], identifies the cocycle conjugacy class of ct e 
Aut(MA). But if mod(a) has non trivial period, and pi = Pa(ci) 7^ 0, then 
the cocycle conjugacy class of a involves algebraic invariants. For example, 
one has to consider the extension of a to the discrete core Ma.c/ on which 
a alone cannot act. In fact, one has to consider a larger group 1? than the 
integer group Z. So we continue to the next paragraph. 

Invariants for Single Automorphisms: We consider a single auto- 
morphism of a factor M of type Ha, which can be viewed as an action of the 
integer additive group Z. As the integer group Z appears in many different 
roles, we denote it by G = Z. Let ai be the generator of the group G so 
that G = Zai . Sometime, we view G as a multiplicative group in which case 
G becomes G = {a^ : A; e Z}. Since the integer group is cohomologically 
trivial, i.e., H^(G,T) = B.^{G,T) = {!}, there is no distinction between the 
cocycle conjugacy problem and the outer conjugacy problem of actions of 
G. Namely, an outer action a of G comes always from an action a of G 
and outer conjugacy of the outer action ct of G is the same as the cocycle 
conjugacy of the action a of G. Hence the obstruction Ob (a) of a and the 
characteristic invariant of a is handily identified. The same is true for 
the modular obstruction Obni(ci;) and the modular characteristic invariant 
Xm(a)- 

As the single automorphism cocycle conjugacy classification wasn't han- 
dled properly in our previous work, [KtSTl, KtST2], and more importantly 
the presentation of a single automorphism on a factor of type Ha in the book 
of the second named author [Tk3] contains a minor mistake, we present it 
here in some detail. 

Since the case that the modulus m = mod(Q:) is aperiodic, then the last 
theorem takes care of the cocycle conjugacy of cc, i.e., it must be cocycle 
conjugate to 9-m- So we handle only the case that {mod{a)}j., is rational 
multiple of T' . 

Suppose Q;~^(Cntr(M)) = Z6i and bi = piai,pi G N. 
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Choose a pair pi,qi e N of positive integers gi < pi such that 

m = — T' + T'Z e R/T'Z, 0<qi<pi. 
Pi 

Then we form a group extension: 

Gm ^ {{g, s) e G X R : gm = ST' ^ s + T'Z e R/T'Z}, 

k-.(o,kT') p. ^^-2) 
> Z ^ ^ — ^ G > 0. 



Set 

^o = (0,T'), 2;i = (ai,{m}y,), 
bi = pizi - qizo, N = Zbi, Qm = Gm/N. 



(1.3) 

The group Gm is equipped with a distinguished homomorphism km = pr2 to 



k^{g,s) = seR, ig,s)eGm. (1.4) 
Let 7Tq : g G Gm ^ g ^ Qm be the quotient map and further set 

Di = gcd(pi,gi), and ri = si = (1.5) 

and find a pair ui,vi e Z of integers such that 

1 = ritti — sivi, equivalently Di = piui — qivi, 

which can be done through the Euchd algorithm. In the event that qi = 0, 
the modulus m is trivial, i.e., m = and Gm = G ® Z. 

Theorem 1.3 (Invariants for a Single Automorphism with Periodic 
Modulus). In the case that pi and qi are both non-zero, we have the 
following statements with D\ = gcd(pi, qi): 

i) The pair {2:0, 2:1} is a free basis of Gm so that every element g e Gm 
is written uniquely in the form: 

g = eo{g)zo + ei{g)zi. 

ii) The group Gm admits another free basis {wo,wi} such that 

bi = Diwi, 

and therefore 

N = DiZwi, Qm — Zwq © Zwi, 
Diwi = in Qm = Z®ZD^, 
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where the dotted notations indicate their images in the quotient group 

Qia ■ 

iii) The character group Qm of Qm cind the characteristic cohomology 
group K(GraiN,T) is identified under the correspondence: 

X^{nh;g) = xM9)T, 9 ^ G^, X^OZ- (1-6) 

iv) The character group is given by the exact sequence: 

> 1? > K ® (^z) '\ T®1.D^=Q^ > 0, 

which describes the characteristic cohomology group k.{G-^^N ^X): 

A(G'„„iV,T) ^T®Zdi. (1.7) 

If xi^o) ^-5 o i^oot of unity, then the outer period Po{a) of a is given as the 
product PiSq with Sq G Z_|_ the smallest non-negative integer s e Z_|_ such 
that 1 = xi^o)^ ■ If x{^q) is not a root of unity, then the corresponding 
automorphism a is aperiodic, i.e., Po{a) = 0. 

Proof, i) Since pTi{zi) = ai and G is a free abelian group, the exact se- 
quence (1.2) sphts along with the cross-section: m & G ^ mzi e G^. 

ii) We set 

Wo ^ uizo - viZi, wi -sizo + rizi. 

Since 

zq = riWo + vitvi, zi = siUJo + uiWi, 
the pair {wq, wi} is a free basis of G^ such that 

Gm — '^wq + '^wi, hi = DiWi, N — DiZwi, 

Qm = Gm/N = Zwo © Zwi, 

as we wanted. 

iii) Since H^(A^, T) = {1}, the second cocycle part of a characteristic 
cocycle in Z(Gm, T) is taken to be trivial, so that the A-part vanishes on 

and therefore it is a character of G^ which vanishes on N and factors 
through the quotient map tTq : G^ ^ Qm- Thus it is of the form: 

K^i^g) = xIttqI^)), 9 e Gm, X e Qm- 

iv) It follows from (ii) that the character group Qm is parameterized by 
M© (^Zj: 

Xx,yi9) = exp(27ri(a;/o(^) + yfiig))), 9 = fo{9)wo + fi{g)wi e Gm, 
with (a;, y) e M © (tJT^) ' '^^^^ gives the exact sequence: 

— > 1? — . M© (-^z) ^"'^^^^"^ q;; = t©z,,, — > 

The assertion (iv) follows. This completes the proof. '\> 
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Model Construction: Let G be a fixed countable discrete amenable 
group and {H, ttq} be a universal resolution group of the third cocycles of G, 
i.e, ttg : iif I— > G is a surjective homomorphisms such that 

7r*(z3(G,T)) C B^{H,T). 

We require to be a countable discrete amenable group. Let M = Ker(7rG). 
Fix a normal subgroup N of G and set L = 7t^\N). With a fixed invariant 
homomorphism m e Hom(3(A^, M/T'Z) such that Ker(m) D N, we use the 
notation m for m°7ra for short and form a group extension Hj^' 

^ Z ^ Hra ) H ^ 1, 

where 

Hn,^ {{g,s) e H xR: m{g) ^ st' = s + T'Z G R/T'Z}, 
nm{g,s)=geH, k{g,s) = seR, {g,s) e Hm- 

Then we get the following reduced modified HJR-sequence: 

■■• > B.^{H,T) ) A{H^,L,M,T) > H^^,{G,N,T) > 1 

Thus every modular obstruction cocycle (c, v) e Z^* (G, N, T) is of the form: 

(c, iv) = 5(A, //) mod B^^-;,(G,Ar,T). 

Consequently the construction of an outer action d of G on an AFD factor 
Ma of type Mx with Obni(a) = i[c],i^) e H^"*(G,7V,T) is reduced to the 
construction of an action a^'^^ of Hyn such that 

{a^'^')~\lnt{Mx)) D M, (a^'^)"\Cnt(MA)) = L, 

mod(aJ'^) = m{7Tcig)), 9 e ^m- 

So fix a set of invariants (A, /x) G Z{H^, L, M, T) and m G HomG(G, R/T'Ia) 
such that Ker(m) D A?". We are going to construct the model action ck^'^ of 
Hm as follows: 

Step L Let X be a countable but infinite set on which i?jn acts freely from 
the left. In the case that is an infinite group, then we take X 
to be itself and let act on it by the multiplication from the 
left. So the infinite set X is only needed when is a finite group 
in which case X can be taken to be the product set X = x N 
and Hm act on the first component by the left multiplication . Let 
{Ma;, X G Hjn} be the set of 2 by 2 matrix algebras M(2, C) indexed 
by elements x E X. 
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Step I: Form the infinite tensor product 

xex 

relative to the normalized trace 

^11 Ol2 \ _ Qii + Q22 
021 022/ 2 ■ 

Then let cr° be the Bernouille action of on IRq which is determined 
by: 




Step IH: Form the twisted partial crossed product of !Jio by N relative to the 
second cocycle /j, e Z'^{N, T) and the action a^: 

Mo = 3^0 XaO,M N. 

Let {U{m) : m e N} be the projective unitary representation of N 
to Mo corresponding to the twisted crossed product so that 

U{g)U{h)=n{g;h)U{gh), g,heN; 
U{g)aU{gr = al{a), ae^o.geN. 

Let CT^''* be the action of on Mq determined by: 

a^'f'iUim)) = X{gmg-^;g)U{gmg-^), meN,geH^; 
a^'^ia) = aj(a), a e g G Hm- 

Step IV: Let Mo,i be the AFD factor of type Eoo equipped with trace scaling 
one parameter automorphism group {6*5 : s e M} and set 

3^0,1 = Mo,i®Mo. 
We then set the action a^'^^ to be the following: 

ag'" = O^^g) ® CT^''^ on 3^0,1: 9 e H^. 

Set 

Since the automorphism = 6T'®cr'^^l^ scales the trace r by A = 
, the von Neumann algebra % is an AFD factor of type IK;^. 
Finally we define the action a'^'^^ by the following: 



which makes sense because ccgg acts trivially on CR. 
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Theorem 1.4 (Model Action), i) The action a = a^'^ constructed above 
has the invariants: 

AT = Q;"^(Cnt(3?A)), mod (ctg) = m(5f), g e H, 
X(«) = [A,/i] G A(iy^,L,M,T), 

e R/TZ, ge N. 

T 

ii) Let Sh '■ G ^ H be a cross-section of the homomorphism tTq '■ H ^ 
G. Then the outer action a^^^ of G has the associated modular obstruction 
^([A,^]) = [c^'^^.^]GH-;,(G,iV,T). 

The construction of (i) and (ii) exhausts all outer actions of G on the 
approximately finite dimensional factor of type Ha up to outer conjugacy. 

Proof, i) Let a denote the action 5^'^ of iifm on 3^o,i- Since is the fixed 
point subalgebra of CRo,i under the automorphism 5^^, the restriction a = 
of 5 to IR factors through the quotient group H = Ht^/{1jZq). Hence a 
is indeed an action of H. Since IRo,i is a factor of type Iqo and 



^oc{g) = 



TLog{X{g-zo)) 
27r 



= At, 



the fixed point subalgebra is a factor of type Mx and the pair {CRo,i, Q^zq} 
is the discrete core of the factor Jl. Since IRo,i is AFD, is approximately 
finite dimentsional by the grand theorem of Connes, [Cnn5] . As zq is a central 
element of iifni, 5(i?rn) leaves "Jl globally invariant and hence its restriction 
to "Jl makes sense. The inner part a{N), which is given by the projective 
representation {U{g) : g G A^}, leaves globally invariant, i.e., U{g),g G 
AT, normalizes IR; thus we have the inclusion ^(A^) C lLo{'JV). Hence AT = 
a-^(Cnt(3^)). As in (1.1), we have 



mod(Q;^) = m(/i), h & H. 



If g, gi, g2 ^ N and h e H, then 

Xig;h) = U*ig)ahiUih-^gh)y, 
U{gi)U{g2) = n{gi;g2)U{gig2); 
Mg) = dajUig)) = U{gra,,{U{g)) = X{g;zo). 

Hence x(5) = [A, /j] G A{H^, L, M, T) as required. Finally viewing as 
a homomorphism of A^ into M/TZ, we get Ua G Home (A^, M/TZ) as in the 
assertion of the theorem. 

ii) The assertion follows from the construction of a^'^^. ^ 
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Actions and Outer Actions of Two Commuting Automorphisms on 
an AFD factor 51 of type Mx: In this case, we have to consider the free 
abehan group G = of rank two and its extension Gm = relative to 
a homomorphism m : G i— > M/T'Z. We fix a subgroup of G, which is 
going to represent the inverse image Q!~^(Cnt(MA)) of the extended modular 
automorphism group. We assume that N is in the diagonal form, i.e., with 
a free basis {ai, 02} of G the subgroup N is of the form: 

N = p\La\ + p-iLa-i. 

Of course, one can choose pi and pi in such a way that < <p2 and pi 
divides p2, but to go beyond the finite rank case, we don't assume that 
is a divisor of p2, which might make a matter slightly more involved. In the 
case that G = Z^, we have H^(G, T) — {!}, so every outer action of G comes 
from an action of G. Since H^(G, T) = T 7^ {!}, the outer conjugacy class of 
an action is bigger than the cocycle conjugacy class. To go further, we recall 
the reduced modified HJR-exact sequence, [KtT3, Theorem 3.11 page 116]: 



h2(G,T) 



ResQ^ 



k(G^,N, T) 



H°-t(G,iV,T) 



H3(G,T) = {1}, 



where Qm = G^/N . Here since h3(G,T) = {1}, we don't have to consider 
the resolution group H and its subgroup M. To identify the subgroup N G G 
as a subgroup of Gm, we need a little care. First, set 



^o = (0,T')eGm, 
qiT' 



Pi 



eG„ 



Z2= \ a2 



q2T' 

P2 



bi = (piai, 0) = pizi - qizo G Gr 
h = (P2a2, 0) = P2Z2 - q2Zo G G^, 
iV = Z61 + Z62 C Gm = Z^o + + Zz2, 

This gives the following coordinate system in Gm and N: 

eiig) 



(1.8) 



9 = ei,jv(5')&i + e2,N{g)b2 e N, i.e., Ci^Nig) 



Pi 



1,2, 



(1.9) 



h = eo{h)zo + ei{h)zi + e2{h)z2 G Gm- 

Theorem 1.6 (Invariant). Define Z and B hy the following. 

6={6(z,i):z = l,2,i = 0,l,2}eR6. 

p,6(z,i)-g,6(z,0)GZ,z = l,2, J = 1,2 

B = U e z 



6(z,0),6(z,i) G Z,i = 1,2, 



P2b{l, 2) +pi6(2, 1) G gcd(pi,p2)Z 



(1.10) 
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and to each 6 e Z associate a cochain {Xb,iJ.h) G Z(Gm, T) by: 



>^b{9; h) = exp 27ri b{i, j)ei,N{9)ej{h) 

\ \i=l,2;i=0,l,2 

M5'i;S'2) = 1, 9,91,92 eN, he Gm- 



(1.11) 



Then the cochain (Xt,, /ii) is a characteristic cocycle (A;,, 1) e 7i(Gtn, N,T). 
The modular obstruction cocycle {ch^Vb) = (^(^6,1) £ (G, A?", T) corre- 
sponding to (Aft, 1) toA;es ^/le form: 

cbigi; 92-, h) = A6(njv(32;ff3);s(fl'3)), 91,92,93 e <5m, 

K«.j)»7Pi([ei(92)]p.; [ei(33)]p.){ej(5i)} 



exp I 2ni | 

\ \i=l,2;j=0,l,2 



Pj 



(1.12) 



=1,2 



9eN, 



J r 



where for the notations rjp. and n^v we refer the definition in §3, in particular 
(3.8) ano? (3.14), and furthermore 

{eo(5'i)}po = eo(firi) e Z, ^ri e Q^- 

r/ie {i, j)- component Ti^i^j) and B{i,j) of Z and B give more precise infor- 
mations about the cocycles: 

i) For i — 1,2, we have 



Zb(z, i) = = (x, u) eM.^ : PiX — QiU G Z}, 
Bbii,i) = ZeZ. 



(1.13) 



The bicharacter A*'* on N x Gm determined by: 

A*'*(5f; /i) = exp(27ri(a;ei,7v(fi')ei(/i) + uei,N{9)^o{h))), (1.14) 

/or eac/i ;jazr g e N,h E Gm, gives a characteristic cocycle of Z{Gui, 
N,T). It is a coboundary if and only if z is in Bh{i,i). The corre- 
sponding cohomology class [A*'*] G Ab{i,i) has the parameterization: 



[X'/] e A(i, i) ~ [jpix - giw]gcd(p,,g,), [-Vix + Uiu] 

where the integers Ui,Vi are determined by: 

PiUi - QiVi = gcd{pi, Qi), i = l,2, 



(1.15) 
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i = 1,2. 



through the Euclid algorithm. The associated modular obstruction 
cohomology class ([c*'*, zv*'*] ) e }i^Jg{i,i) corresponds to the class: 

i^rig) = [Tue,^Nig)]^eR/TZ, 

ii) With {i,j) = (1,2), 

'Z'biiJ) = {{x,u,y,v) e : pjx - qju £ Z,piy - qiV E Z}; 

( ^ „ PjX+PiV e gcd{pi,Pj)Z,] (1.16) 

Ob[t,j) = <[x,u,y,v) eZh(t,j) : 

[ M, 17 e z J 

For each element z = {x,u,y,v) e Zi,{i,j), the corresponding bichar- 
acter Xz on N x Gm'- 



(1.17) 



X exp(27ri(uei,jv(fi')eo(/i) + vej,jv(fl')eo(/i))), 

for each pair g E N, h G Gm is a characteristic cocycle in Z{H^, 
L,M,T). It is a coboundary if and only if z E Bi,{i,j). The co- 
homology class [A*'^] e Ai,{i,j) of corresponds to the parameter 
class: 



[yi,j{xrj,i + ynj) + Xij{usj,i + vsi^j)]^ 



( 



\ 



Dihj) 



-Z 



z 



J 



(1.18) 



where the integers D{i,j), ■ ■ • ,Wij are those such that 
DiiJ) = gcd(pi,pj,qi,qj), 
Di,j = gcd(pi,pj), Eij = gcd(gi, qj), 



- 



- JL 



1j 



D^,J 



Hi 



(1.19) 



D{ijy '^^'^ Diz^j) 
qiWij + qjWj^i = Eij, XijDij + yijEij = D{iJ). ^ 

The associated modular obstruction class ( [c*'-'] , !>'*'■') e H^g(z,_7) 
corresponds to the pair of the classes: 

1 



( 



We 



M/Z 
M/Z 

1 I U h V 



v 



/ 



geN. 
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The proof of this special case is not particularly simpler than the general 
case, so that we will discuss later in the general free abelian group case, see 
Theorem 4.2. 

§2 Asymmetrization. 

Set the notations: 

X = Z„+i = Z/(n + 1)Z, Xi = X\{1}. 
The signature of a permutation a is the sign of the product: 

sign(c7) = sign | JJ(c7(j) - C7(i))| . 

Let S be the cyclic permutation: 

5=(2,3,---,n,n+l,l)en(X), (2.1) 
whose signature is given by: 

sign(5) = (-1)". (2.2) 
Each element a e n(Xi) is identified with the element oiIl{X) such that 

a = (1, a(2), a(3), ■ • ■ , a{n), a(n + 1)) G U{X). 

This identification of an element of Il{Xi) with the corresponding clement of 
n(X) preserves the signature of a. Then the total permutation group n(X) 
is the disjoint union of the translations {S''Il{Xi) : < k < n}, i.e., 

n 

U{X) = y S''U{Xi), disjoint union. (2.3) 

Definition 2.1. The asymmetrization AS^ of ^ e C'^{G,A) is defined by 
the following: 

). (2.4) 

aen(z„) 

Define tt^ : G^+i ^ by the following: 

T^k{9l,92, ■ ■ ■ ,9n,9n+l) 

{92,93,- •• ,9n,9n+l), k = 0; ^^^^ 
{91, ■ ■ ■ ,9k-i,9k9k+i,9k+2, ■ ■ ■ ,9n+i), l<k<n; 
{91,92,- ■■ ,9n), k = n + l. 



Y. KATAYAMA AND M. TAKESAKI 



19 



The boundary operation d e Hom(Z(G"+^), Z(G"^)) is then given by 

n+l 

d=^(-l)'=o7r,, (2.6) 



and 



We view the asymmetrization AS also as an element of End(Z(G"')) deter- 
mined by: 

AS(^l,^2, • • • ,^n) = ^ Sign(cr)(fif^(i),fif^(2), • • • ,^o.(n))- 

o-Gn(z„) 

Lemma 2.2. The asymmetrization and the boundary operation are related 
in the following way: 

ASod = in Hom(Z(G'"+^),Z(G'^)). 

Proof. Define Q e Hom(Z(G'"+i), Z(G'^)) and R e Hom(Z(G'"+^), Z(G'")) 
by: 

Tl+l 

Q= ^ (sign(^^'-V)7ro5J-V + (-l)"+isign(5Ja)7rn+i5Ja), 

o-en(Xi) j=i 

and 

n+l n 
cr6n(Xi) j = l k=l 

So we have 

AS°cZ = Q + R. 

We know 

7ro5'^~V = TTn+iS^cr, 1 <j <n; 

sign(5^-V)7ro5^"V + (-l)'^+^sign(S'V)7r„+i5V 

= (-l)'^0-i)sign(cj)7ro5^-V + (-l)"+i(-l)"^sign(a)7rn+i5% 
= 0. 

Thus we get 

Q = 0. 

We need the notation ak,k+i for the flip of k and A; + 1: 

= (1, 2, • • • , /c - 2, /c - 1, /c + 1, /c, A; + 2, /c + 3, • • • , n + 1) e n(X). 
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Then we get 

siga{ak,k+ip)'7^kcrk,k+ipg + siga{p)7rkpg = 0, pe Il{X), 1 < k < n. 
Hence we come to the foUowing: 

n+l n 

CTen(Xi) j=i k=i 

n n+l 

= E(-1)'E E sign(5V)7rfe5V 

k=i j=i o-en(Xi) 

n 

= E(-1)'' E sign(p)7rfep 
fc=i pen(x) 

= E*^~-^)'' E (sig^(p)^fcP + sig^(^fe,fe+iP)7rfcO-A;,A;+ip) 
k=i peno(x) 

= 0, 

where no(X) is the group of even permutations of X, i.e., the alternating 
group. Therefore we conclude 

ASod = Q + R = 0. 

This completes the proof. 's? 

Let .A be a G-module with action a. We recall the dimension shifting 
theorem and the dimension shift map d. First we define a new G-module A 
as follows: 

i) Let Map(G, yi) be the module A*^ of all ^l-valued functions on G 
with pointwise addition. 

ii) View the group A as the submodule of Map(G, A) of constant A- 
valued functions. 

iii) The action a of G on ^ is extended to the enlarged additive group 
Map(G', A) by: 

iahf)ig) = ahifigh)), /eMap(G,yi), g,heG. 

iv) Form the quotient G-module: 



A = Ma,p{G,A)/A. 
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Thus we obtain the following equivariant short exact sequence: 

> A > Map(G',yi) > A > 0. (2.7) 

The short exact sequence (2.7) splits in the following way: 

i) First, set 

jif)i9) = fig) - /(e), / e Map(G,yi),^ e G, 

where e E G is the neutral element of G. Then the map j is a 
homomorphism of Map(G, ^1) onto the subgroup MapQ(G, ^1) of all 
>A-valued functions on G vanishing at e. Then we get 

KeT{j)=AG Map(G',yi), 

so that the map j is viewed as a bijection from A onto Mapo(G', A). 

ii) The map j transforms the action 5 of G on yi to the action, denoted 
by a again, on Mapo(G, yi) defined by: 

{ahf){9) = aH{f{gh))-aH{f{h)), g,heG, / e Mapo(G,yi). 

With the map j, we will identify A and Mapo(G, A). Thus we have a short 
exact sequence: 

> A — ^ Map(G,yi) — ^ A = MapQ(G,A) > 



Let s denote the embedding of ^ = Mapo(G, yi) ^ Map(G, >A), which is a 
right inverse of the map j. If e Z^^^ (^G, A^ , then 

= dGU = j (dosiuj^, 

where do means the coboundary operator in C~(G, Map(G, /l)), so that 
we have dGs{u) e Z^(G, yi). We denote the cohomology class dasiu) G 

H^(G,yi) by d[u] for each [u] e B.~~^(^G,Ay It is known as the dimen- 
sion shift theorem that the map d is an isomorphism of H~~^^G, yij onto 

HS(G,yi). 

Definition 2.3. Suppose that the group G admits a torsion free central 
element zq E G. A cocycle c e Z^(G, yi) is said to be of the standard form 
(relative to the central element ^o) if 

i) For each ki, ■ ■ ■ kn & 1' and gi, g2, ■ ■ ■ , gn & G, 
c{zQ'gi, • • • , ZQ^gn) = (dc{ki; g2, ■ ■ ■ , 9n)) + c(^i, ^2, ■ ■ • , ^n); (2.8) 
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ii) The map A; e Z i-^ dc{k; g2, 93, - ■ ■ , Qn) € ^ is in (Z, A) for each 
92,93, ■■■ ,9n^G, i.e., 



dc{k + £; 92, 93, ■■■ ,9n) 

= dc{k; 92, 93, ■ ■ ■ , 9n) + Oizo(dc{i; 92, 93, ■ ■ ■ ,9n))- 

iii) For each e Z and 91, 92, ■ ■ ■ , 9n ^ G, we have 
{dGdc){k;9i,92, - • ■ ,9n) 



(2.9) 



(2.10) 



Remark 2.4. The cocycle identity (2.8) can be fulfilled automatically if 
dc is chosen in such a way that 

c{zq9i,Zq'92,--- ,ZQ^9r^ = ag^(dc{92,93,--- ,9n)) +c{9i,92,--- ,9n), 
{dGdc){9i,92,--- ,9n) = azo(c{9i,92, - ■ • , 9n)^ -c{9i,92,--- ,9n)- 
Because dc{k; 92,93, ■ • • ,9n) can be obtained inductively by: 
dc{k;92,93, ■■■ ,9n) 

( \ (2-11) 

= 4(5^2, 93,- ■■ , 9n) + OLzQ [dc{k - 1; 92, 93,- ■■ ,9n)j- 

In the sequel, we often write dc{92,93, • ■ • ,9n) for the d-part of a standard 
cocycle c without referring to the first variable k in dc{k; 92, 93, • • ■ , 9n)- 

Lemma 2.5. In the above context, every cocycle c e Z'^{G,A) is cohomolo- 
gous to a cocycle Cg of the standard form. 

Proof. For n = 1, the cocycle identity: 

c{z'^g) = %(c(4)) + c{g), keZ,geG, 

shows that with dc{k) = c[zq) the cochain dc satisfies the condition (i). Now 
we have 

{<9)) - <g) = c(^o'^) - c(^o') - <9) 

= ag(^dc{k)^ - dc{k) 
= (dcd^ik-.g), 

which shows the property (ii) for c and dc- 



Y. KATAYAMA AND M. TAKESAKI 23 

Now assume that our claim is valid for 1, • • • , n — 1 and for any G- module 
{A, a}. 

Choose an equivariant short exact sequence: 

> A — ^ M — - — > A > 



such that 

i) HS(G',M) = {0},n>J 

ii) the cross-section s : A ^ M is a. homomorphism of A into M, but 
not equivariant, 

so that the map daS : Z^~^ ^G,A^ ^-^ 2^(6*, 71) gives rise to an isomorphism 
d : B.I-^(g,A^ ^ H^(G',yi). For a standard cocycle c e ZI-^(g,A^, we 
set, for each z^^gi, ■■■ , 2;J""'^n-i e G, 

c(4'^i' • • • ' 4"~'^n-i) = ttpi (^s{dc{ki; g2, gs,-- - , ^n-l))) 
Since j{c) = c, we have 

c = daceZl{G,A). 

We then compute 

= "^fclg^ (c(2;o^52,4^ff3, • ■ ■ ,4"5n)) 

+ (-l)"c(4i3i,--. ,z^-i3„_i) 

= " fcl aS2(s(c's(fc2;53,--- ,5n))) + 5(32,53, ■• • ,5n) 
^0 ^1 '- ^ ^ -' 

- [Q:pi32(^(<^c(fcl + fe2;ff3,--- ,5n))) +5(3132,53, ••■ ,5n)] 

n-1 

+ X^(-l)'' ["ai (s('^£(fci;52,--- ,3j3j+i,-- - ,5n))) 

J=2 

+ c(3i,--- ,gjgj+i,--- ,ffn))] 

+ (s(<^e(fci;52,S3, • • • ,5n-l))) 

+ (-l)"c(3i,g2,53,--- ,571-1) 
= {dGc){gi,g2,-- ■ ,9n) + a [ag^{s{dc{k2--,gs,- ■ ■ ,ffn)))) 

+ Oigi ("zd (^(92,93, ■ • • ,ffn)) - 5(92,53, ■ • • ,5n)) 

-"9192 [sC^^ee^^iISs,--- ,5n)) + a^i(s(da(fc2;53,--- ,5n)))] 
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n-l 



+ X](-l)-'Q!si(s(c(c(fci;52,--- ,gj9j+i,--- ,gn))) 

+ (-1)" ("si (5(^5(^1; 32, 33, • • • , Sn-l)))) 

{dac){gi,g2,--- ,gn) 

+ Oigi [(a^o (c(fl'2,53,- • • - c{g2,g3,-- ■ ,gn)) 

-"92 (s(d5(fci;fi'3,--- ,5n))) 



n-l 



+ (-!)■' s(<^c(fci;52,--- ,gjgj+i,--- ,gn)) 

J=2 

+ (-l)"(s(dg(fci;52,ff3,--- ,ffn-l)))] 

= (9Gc)(5ri,fi(2,--- 

+ [q^^o (c(S2,53,--- ,5") -C(52,ff3,--- ,ffn)) 

- aG(5°dc)(fci;32,53, ■ • ■ ,5n)]- 

Consequently, we get 

c(^4'fi'-- - >^o"fn) = oig^{dc{ki; g2, 93, • ■ ■ ,9n)) + c{gi,g2,- ■ ■ ,gn) 

with 

c{gi,g2, ■■■ ,gn) ^ {dGc){gi,g2, ■ ■ ■ ,gn), 

dci92,g3,--- ,9n) = Oizo(c{g2,g3, - ■ ■ , 9n)^ - c{92, 93, ' ' ' , 9n) 

- dG{5°dc){92, g3, ■ ■ ■ ,9n)- 

We now check the requirement (2.10) for dc and c: 

o.zo{c{gi,92,--- ,gn)) -c{9i,92,--- ,9n) 

= oizo(dGc{gi,g2, - ■ ■ ,gn)) - docigi, g2, ■ ■ ■ ,gn) 

= dG(azoicigi,g2, - ■ ■ ,gn)) -c{9i,92,--- ,9n)) 

= da {dc{g2, 93,- ■■ , 9n) + dGS°dc{92, gs,-- - , 9n)^ 
= dGdc{g2,g3, - ■ ■ ,9n)- 

Thus the cocycle c is standard. This completes the proof. 'v' 

We now state the main result on the asymmetrization which extends the 
work of Olesen-Pedersen -Takesaki, [OPT] : 

Theorem 2.6. Let Q he a countable torsion free abelian group. 

i) The asymmetrization AS maps the group Z"(Q,T) of T -valued n-th 
cocycles onto the compact group X'^{Q, T) of all asymmetric multi- characters 
on n variables of Q. 
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ii) The following sequence is exact for each n e N: 



1 



^ B"(Q,T) 



> Z"(Q,T) 



AS 



> 1. 



Consequently, 









m> n 



m < n . 



More generally, if Q is a countable torsion free abelian group, then the coho- 
mology group H"((5,T) is naturally isomorphic to the Pontrjagin - Kampen 
dual of the n-th exterior power Q AQ A ■ ■ ■ AQ of Q: 



}r{Q, T) ^ The Pontrjagin - Kampen Dual of {Q A Q A ■ ■ ■ A Q). 
iii) The group X'^{Q,T) is a subgroup of Z^{Q,T) such that 



Remark 2.7. If the group Q has torsion, then the theorem fails as seen 
in the case that Q = = Z/pZ,p > 2, H^((5, T) ^ Zp and X^{Q, T) = {0}. 

For the proof, we need some preparation. First, if n = 1, then our assertion 
is trivially true for any abelian group Q with no assumption on torsion. We 
then assume that our assertion is true for cocycle dimension 1, ■ ■ ■ , n — 1 with 
n e N fixed and for any torsion free abelian group Q. With this induction 
hypothesis, we prepare a couple of lemmas for cocycle dimension n. 

Lemma 2.8. i) If M is an abelian group such that a cocycle c e Z"(M, T) 
is a coboundary if and only if ASc = 1, then the same is true for the product 
group Q = M X Z. 

ii) // M is an abelian group such that the asymmetrization ASc of each 
cocycle c G Z'^(M, T) is a multi- character, then the same is true for the 
product group Q = M x Z. 

Proof. Let zq denote the distinguished element of Q associated with the 
product decomposition Q = M x Z so that every element g e Q is written 
uniquely in the form q — tuZq , m G M, /c G Z. 

i) The triviality of the asymmetrization of a coboundary was proven in 
Lemma 2.2. Thus we prove the converse. Suppose that ASc = 1, c G 
Z"^((5,T). By Lemma 2.5 the cocycle c is cohomologous to a cocycle Cs 
of standard form and AScg = ASc = 1 by Lemma 2.2. So we may and do 
assume that c is standard: 



Z"(g,T) =X"(g,T)B"(g,T); 

T) n B^(Q, T) = Ker (Power n!). 



and 



ASc = 6' 



,n\ 



CGX^(Q,T). 



C(P1,P2, • • • ,Pn) = dcip2,P3, ■■■ ,Pn) 'Cm{Pi,P2, ' ' ' ,Pn) 



26 OUTER ACTIONS W 

where pi — PiZq e Q = M x Z. As Q does not act on T, the d-part dc is a 
cocycle in Z"-i(Q,T). 

We look at the asymmetrization of c: 



{ASc){pi,P2, ■ ■ ■ ,Pn) = n {^c{Pa{2),Pai3), ' ' ' ,Pa(n))*"^'' 



sign CT 



X CM(Po-(l),Pa(2),--- >Pa(n))) 
X CM(Pa(l),Po-(2), • • • ,Pa(n))^'^° '^j 



I.e., 



(ASc)(pi,p2, ■■■ ,Pn) = n ^c(Pa(2),Pa(3), ' " ' , Pa(n))^"^''^'^° 

CTG5„ (2.12) 

X (AScm)(P1,P2, • • • ,Pn)- 

To compute the first term of the above expression, we take a closer look at 
the permutation group Sn- In particular, we have to pay attention to the 

fact that the first term in the variables of dc is mission. To this end, we 
fix A;, 1 < A; < n, which represents the missing term in d^ and consider the 
cyclic permutation: 

Sn-i{k) = {l,2,--- ,k-l,k + l,--- ,n) Gn({l,2,-- - , fc - 1, fc + 1, ■ • • , n}) . 
For cr — {k, cr(2), cr(3), • • • , (j{n)) G Sn, define p, p and a as follows: 

1 2 ■■■ k-1 k k + 1 ■■■ n 

a{n - k + 2) a{n - fc + 3) • • ■ a{n) fc a(2) ■ ■ ■ a{n - fc + 1) 

1 2 ■■• fc + 1 ••■ n Y 

a{n -k + 2) a{n - fc + 3) ■ ■ • (T(n) a(2) ■ ■ ■ a{n - k + 1) J ' 

a = Sn-iik)''-^p 

_ f I 2 •••fc-1 fc+1 ••• n \ 
~ \(t{2) (7(3) ■•■ a{k) a(fc + l) ■•• a(n) J 

= (a(2),a(3),--- ,a(n)). 

Then observing sign p = sign p, we compute 

sign a = sign S'^^^-'^sign p = (— l)'^"'~-'^^'^'^~-'^^sign p 
= (-l)(--i)(fc-i)sign(S'„_i(fc)'^-^)sign a 

= (_l)(n-l)(fc-l) + (n-2)(n-/c)g-gj^ ~ ^ (_l)fc-lsign a. 



P 
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Hence the first term of (2.12) becomes the following: 

= Y{\ n {dc{Pa(l),P&(2),--- ,Pa(n-l))y'^'^'' 

k=i [aes„_i(fe) 



n . 

n 

k=l 



(ASdc)(pi,P2,--- ,Pk,--- ,Pn) 



where the notation ^ stands for removing the corresponding variable. Thus 
(2.12) is replaced by the following: 

(ASc)(pi,p2,--- ,Pn) 



= H (AS4)(pi,P2, ■■■ ,Pk,--- ,Pn)\ (2.12') 
fc=l ^ 

X (AScm)(P1,P2,--- ,Pn)- 

The condition ASc = 1 yields that: 

AScm = 1 with £fc = 0, /c = 1, . . . , n; 
AScZc = 1 with £i = 1, £f~ = 0, k = 2, . . . ,n, pi = e. 

Hence cm and dc are both coboundaries by the induction hypothesis. Choose 
b e C^-^(M,T) and a e C^-^(M,T) such that 

Cm — and dc = OmCl- 

Then the cocycle c has the form: 

c{Pl,P2, ••■ ,Pn)= 4(P2,P3, • • • ,PnY^c{pi,p2, ■ ■ ■ ,Pn) 
= {{dMa){p2,pz, ■ ■ ■ ,Pn)f^ {dMh){pi,P2, ■ ■ ■ ,Pn)- 

Setting 

fiPl,P2, ■ ■ ■ ,Pn-l) = a(p2,P3, ■ ■ ■ ,Pn-l)~^^b{pi,p2, ■ ■ ■ ,Pn-l), 

for Pi — ZQ-pi & Q,i = 1, ■ ■ ■ , n — 1, we compute 

(^q/)(Pi,P2,--- ,Pn) 

n-1 

= /(P2,P3, • • • ,Pn) X /(pi, • • • ,PkPk+ir ■ ■ ,Pn)^"^^ 



X f{Pl,P2,--- ,Pn-l)^"^^" 
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n-1 

X n ^(^^2, • • • ,PkPk+l, ■ ■ ■ ,Pn)~^'^~^^ 
k=2 

X a{P2,P3,--- ,Pn-l)~^'^~^^ 

n-1 

X Kp2,P3, ■■■ ,Pn) KPI^ ■ ■ ■ iPkPk+l, ■ ■ ■ ,Pn)^~^^ 

k=l 

X HP1,P3,--- ,Pn)^~^^" 



n-1 



= a{P3, ■ ■ ■ ,PnY'^ Y\ "-^P^' ■ ■ ■ 'PkPk+1, ■ ■ ■ ,Pn) 



k=2 



X a(p2,P3, • • • ,Pn-l) X {dMb)(pi,P2,--- ,Pn) 

= {{dMa){p2,P3, ■ ■ ■ ,Pn)Y^ {dMb){pi,P2, ■ ■ ■ ,Pn) 
= c{pi,P2,--- ,Pn)- 

Therefore c is a coboundary. This completes the proof of the assertion (i). 
ii) Fix a standard cocycle c e Z"'((5,T): 

C(P1,P2,--- ,Pn) =t^c(P2,P3,--- ,PnY^c{pi,p2,--- ,Pn) 

with dc e Z''"^(M, T) and cm e Z''{M, T). Observing that AScm and AS4 

are both multi-characters by the assumptions, we compute with (2.13), for 
fci 

qi = qiZo\ 

(ASc)(pigi,p2, • • • ,p„) 

= (ASde)(p2,-- - ,Pn)'l+'=l 

X [[ < (ASdc)(pi5l,P2,-- - ,Pj,--- ,Pn) > 
j=2 J 

X (AScm)(P191,P2, ■ • • ,Pn) 

= (ASdc)(p2,-- - ,P„)^i 

Yl |(ASdc)(pi,P2,--- ,Pj,--- ,Pn)j 



X 

X (ASdc)(p2,--- ,Pn)''l 



]^ |(ASdc)(9l,P2, • • • ,J3j, • • • ,Pn)j 



X 

J=2 

X (AScm)(P1,P2, • ■ • ,Pn)(AScM)(9l,P2, ■ ■ • ,Pn) 
= (ASc)(pi,P2, • • • ,Pn)(ASc)(9i,P2, ■ • • ,Pn)- 

Thus ASc is indeed multiplicative on the first variable, so that it is an asym- 
metric multi-character of Q = M x Z. ^ 



Y. KATAYAMA AND M. TAKESAKI 



29 



Lemma 2.9. Suppose that c e Z^{Q,T) has a trivial asymmetrization, i.e., 
ASc = 1. Assume the following: 

a) M is a finitely generated subgroup of Q; 

b) ao E Q but not in M; 

c) / e C^~^{M,T) cobounds the restriction cm of c to M , i.e., 

dAff = Cm- 



Then the cochain f has an extension to the subgroup N = (M, ao) generated 
by M and ao such that 

dNf = cn, 

where cn is the restriction of c to the subgroup N. 

Proof. To apply the structure theory of abehan groups, we use the additive 
group operation in the group Q. Prom the general theory of abelian groups, 
it follows that M and are both free abelian groups and there exists a 
free basis {zi, Z2, - ■ ■ , Zm} of N and non- negative integers {pi,P2, ■ ■ ■ ,Pr} C 
Z_|_, 1 < r < m, such that 

N = {zi,Z2, ■ ■ ■ ,Zm), M = (piZi, ■ ■ ■ ,PrZr). 

With the assumption for n — 1, every (n — l)-cocycle /x e Z"~^(M, T) is coho- 
mologous to an asymmetric multi-character /ia, i.e., there exist aj^^jj, - ,v ^ ^ 
such that 

iJ'a{gi,g2, ■ ■ ■ ,gn-i) 



exp 



27ri 2^ aiiM,- ,ir.-i 



ije{l,2,--- ,r} 
l<ii<i2<---<in-i<'n—l 



X (ei^,M A 6^2, M A • • • A ei„_,,M) {gi, fi'2, ■ ■ ■ , gn-i] 

where {e^^M : 1 < ^ < r} is the coordinate sysem of M relative to the basis 
{pizi, - ■ ■ ,PrZr}. Setting 

J^a{gi,g2, ■ ■ ■ ,gn-i) 

= exp < ZTTl > 

ije{i,2,- 

l<ll<i2<-"<in-l<n— 1 



X (ei^ Ae^2 A--- Ae^„_,^(^i,t/2,-- - ,^n-i)} 



where {ci : 1 < i < m} is the coordinate system of N relative to the basis 
{^i,--- ,Zm}, we obtain an extension v of /Ua- Choose ^ G C"^~^(M, T) 
so that jj, = (pMOl^a. extends ^ to a cochain ^ e C"^~^(A, T). Then 
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the second cocycle (SjvO'^ gives an extension of the original (n — l)-cocycle 
IJ, e Z'^~^{M,T). Thus we obtain the surjectivity of the restriction map 
res : e Z'^~^{N, T) i— > /xm £ Z'^~^{M, T), i.e. the exactness of the sequence: 

Z^-\N,J) Z"-^(M,T) > 1. 

By induction on generators, Lemma 2.9 yields that the restriction cat 
of c to iV is a coboundary. Hence there exists ^ G C"~^(A^, T) such that 
Cat = 9^^. Then we have 9^/ = cm = Qm^m^ so that we obtain hm — 
^Kif ^ Z^~^ (M, T). By the first arguments, we can extend /xm to an element 
V e Z''-\N,T). Set 

and the newly defined cochain f on N extends the original / G C"~^(M, T) 
and cobounds the cocycle cn: 

This completes the proof. ^ 

We are now ready to complete the proof of Theorem 2.6, proceeding from 
cocycle dimension 1, • • • , n — 1 to the cocycle dimension n. 

Proof o/ Theorem 2.6. Suppose that c G Z"(Q,T) and ASc = 1. Let {zk : 
A; G N} be a sequence of generators of Q and let 

Mm = {zi,Z2r-- ,Zm), m G N. 

The sequence {M^} is then increasing and Q = (JM^. The triviality as- 
sumption ASc = 1 and Lemma 2.8 (i) yield that the restriction Cm of the 
cocycle c to each Mm is a coboundary, so that there exists fm G C'^~^{Mm, T) 
such that 

Cm = dMmfm- 

The last lemma however allows us to choose the sequence {fm} in such a 
way that each fm is an extension of the previous fm-i- Hence the sequence 
{fm} gives a cochain / G C"'~-^((5,T) such that /|m^ = /m,"^ £ N, and 
therefore 

5q/ = c. 

Thus we conclude that Ker(AS) C B'*(Q,T). The inclusion, Ker(AS) D 
B''(Q,T), was proven in Lemma 2.2. Hence Ker(AS) = B''(g,T). 

Lemma 2.8 (ii) for {M^jmeN yields that the asymmetrization ASc of 
every c G Z'^{Q, T) is a multi-character. 

Set Ca = ASc for an arbitrary cocycle c G Z"(Q, T). Then Ca G X"(Q, T). 
Since (5 is torsion free, the group X"((5,T) is indefinitely divisible. So the 
n!-th power mapping: ^ G X"((5, T) i— > G X"((5, T) is surjcctive. But the 
asymmetrization AS on X'^{Q,T) is precisely the n!-th power. Hence there 
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exists ^ e X'^(g,T) such that AS^ = = Ca- Now we have AS{^-^c) = 
^-^'ca = 1. Thus C"^c e B''(Q,T). Consequently, we conclude 

Z"(Q,T) =X"(Q,T)B"(Q,T); 
X"(Q, T) n B"(g, T) = T) n Ker(AS) 

= {ceX"(g,T) :c"' = 1}. 

This completes the proof. ^ 

Corollary 2.10. If G is a discrete abelian group, then the asymmetrization 
of every n-cocycle c G Z"'(G, T) is a multi- character, i.e., ASc e X"'(G, T). 

Proof. Let F be a large enough free abelian group so that there exists a 
surjective homomorphism tt : F i— > G. Consider the puUback 7r*(c) and its 
asymmetrization, AS7r*(c) = 7r*(ASc). It follows from Theorem 2.6 that 
the pull back 7r*(ASc) is a multi-character of F, consequently the original 
asymmetrization ASc is a multi-character of G. 'v' 



§3. Universal Resolution for a 
Countable Discrete Abelian Group. 

We discuss a universal resolution group for a countable discrete abelian 
group. We consider only the case that the abelian group under consideration 
has an infinitely many generators since the finitely generated case can be 
covered by the infinite generator case. Let G = be the free abelian 
group of a finite sequences of integers, i.e., every element g E G is of the 
form: 

9 = {91,92,- ■■ ,9i,--- ,9e,Q,0,- ■ ■), 9i e 
with e = e{g) e N, the last non-zero term of ^ e Z<^. With 

i 

= (0,0,--- ,0,1,0,0---), (3.1) 
every element g e Z^^ is written uniquely 

9 = 5^e,(t/)ai. (3.2) 

ten 

We call {ai : i eN} the standard basis of Z^^. We also fix a subgroup N of 
G which is generated by a sequence {pitti : z e N} with pi e Z+,z e N. We 
will use the matrix: 



P = 



(Pi 

P2 
P3 



\ 



N = PZ<N. 
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Let M be the additive group of integer coefficient upper triangular matri- 



ces: 



M = {m = 



( mi2 mi3 mi4 ■ ■ ■ \ 
m23 • • • 











V 



: J e Z 



"•Mis'; ^) = 



(3.3) 



and set 

ej,fc(m) = mjfc, J < /s, m e M. 
Let ai Aaj,i < j, be the element of M such that 

i.e., the matrix with only (i, j)-component 1 and all others 0, equivalently 
tti A aj,i < j, is the (i, j)-matrix unit of M. Let yIm be the M-valued second 
cocycle of G defined by: 

ej,fc(n4^; h)) = ej{g)ek{h), g,heG, 1 < j < k; 

/O ei{g)e2{h) ei{g)e^{h) ei{g)e^{h) ■■■\ 
e2{g)es{h) e2{g)e4{h) ■■■ 

■•• es{g)e4h) ■■■ 

Let H be the group extension of G associated with rw G Z^(G, M): 

H = M x^^^G and L = M iV. 
The group operation in H is given by: 

{m,g){n,h) = (m + n + 1x^(5'; /i), 5^ + M> {iTi,g),{n,h) G i/. 
The inverse {m, g)~^ is given by: 

(™,^)~^ = (-"^ + nM{g, -g), -g) 

because 

(0,0) = {m,g){m',g') = (m + m' + nM(i/; ^')> ^ + ^0 
g' = -g: m' = -m + xiMig; g). 
To determine the commutater subgroup [H, H], we compute the commutator: 
{m,g){n, h){m,g)~^{n, /i)"\ {rn,g), (n, h) G i/, 

= {m, g){n, h){-m + UMig; g), -g){-n + nM{h; h); -h) 
= (m + n + nM{g, h), g + h) 

X (-m - n + njv^(5r; g) + ^^(/i; /i) + nM{g; h),-g- h) 
= {^M{g; h) + viMig; g) + nM{h; h) + nM(^; /i) + nj^g + /i; -(^ + h)),Q) 
= {nM{g;h) -nM{h;g),0) 



= I ^i(^ji9)^kih) - ej{h)ek{g)){aj Aak),0 |. 
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This shows immediately the following: 

Lemma 3.1. The commutator subgroup [H,H] of H is the center M of H. 
Proof. From the computation above, it follows that for each pair j < k 

SHiaj)$H{ak)sH{aj)~^$Hiak)~^ = aj A a^, 

with Sh the cross-section of ttq : (m, g) E H t-^ g e G given by 

SH{9) = {0,9)eH, geG, 

so that the commutator subgroup [H, H] contains the generators aj Aak,j < 
k, of M. Thus our assertion follows. ^ 

Theorem 3.2. The pair {H, ttq} is a universal resolution of the third cocycle 
group Z^(G', T) of G. Consequently, if K is a countable discrete abelian 
group, then for any surjective homomorphism tt: Z^^ i-^ K , the composed 
m,ap tvk = 7v°7Vq: H ^ K makes the pair {H,itk} a universal resolution of 
the third cocycle group 'Zj'^{K, T). 

Proof. Since Z^^ is a free abelian group on countably infinite generators, 
there exists a surjective homomorphism from G to any countable abelian 
group G. So it is sufficient to prove that 

7r^(Z=^(G',T)) C B^{H,T). 

For each triplet ^, ry, C G Hom(G, M), we define a multi-homomorphism, called 
the tensor product and denoted by ^0r]0( e C^(G, M), as follows: 

(ewC)(^; h; k) = ^{g)v{h)C{k), g,h,ke G. 

Then the tensor product ^(S>r]<S>C generate the third cocycle group Z^(G, R) 
up to coboundary, i.e., 

({ewe : e,^,C e Hom(G,M)}) + B\G,R) = Z\G,R). 

Now for each pair r/, C £ Hom(G, M) we define a cochain S^^^ e C^(H,M.) 



Bvxid) = ^v{aj)CMej,k{mo{g)), g = {mo{g),7To{g)) e H. (3.4) 
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Then we have 

{9V,92;g3) = C(7ro(52))B,,,c(53) - S.i'^oigi) +7ro(g2))-B^,c(S'3) 
+ ^(7ro(sfi))-B^,c(52S(3) - €(7ro(5i))S^,c(S'2) 

= -C(7ro(5i))Sr,,c(ff3) +^(7^0(51)) 53??(aj)C(afe)ej,fe(mo(5253)) 

\3<k J 

- i{T^o{9i))Bnx{92) 

= -CMgi))Br,xi93) 

+ C(7ro(ffi)) I ^v{aj)C{ak){ej,k{'moi92) +m,o(53) + '!^o^{92; 93)) 1 

- ^{M9i)Br,,ci92) 

= ^(7ro(ffi)) X^'7(aj)C(afe)ej(7ro(52))efe(7ro(53)) • 

\j<k J 

Choosing ^, ?7, C £ Hom(G, T) to be ^ = Cj, 77 = Cj and C = Cfe for i < j < k, 
we obtain 

7ro(ej(8)ej(8)efc) = 9«(7roej(8)Se^.,efe). 

Every third cocycle in Z^(G, T) is cohomologous to a cocycle Ca G Z^(G, T) 
of the form: 



Ca(^i;5'2;^3) = exp 27ri a(z, j, A;)ei(5ri)ej(^2)efc(5^3) ) ) • (3.5) 

\ \i<j<k 

So with ba e C^(if, T) defined by: 



&a(^i;^2) =expj 27ri j ^ a(z, j, /c)ei(7ro(^i))-Be^.,efc (i^s) ) ) , (3.6) 

\ \i<j<k 

we have 

TToCa = dnba- (3-7) 

Hence we get 

which concludes that the pair {ff, ttq} is a universal resolution of Z^(G, T) 
and completes the proof. ^ 

Corollary 3.3. The /i-part of every characteristic cocycle (A,//) e Z{H,M, 
T) is trivial. 

Proof. Since M <l is central, A is a bicharacter of M x if, in particular 
A(m, •) is a character of H for every m & M. Hence it must vanish on 
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the commutator subgroup, i.e., A(m, n) = 1 for ever m,n & M. Thus e 
(M, T) is a coboundary. ^ 

Consider (A, /x) G Z{H, L, T) with L = M 

^tiM may and do as- 

sume the triviahty fXM = 1 of the restriction oi fj, to M. We then have the 
corresponding crossed extension: 

1 > T > E — - — > L > 1 



The triviahty of /im means that the cross-section u is multiphcative on M, 
i.e., u{mn) — u{m)u{n),m,n e M. Here we use the multiphcative group 
operation as M sits in the noncommutative group H. 

Lemma 3.4. If Sh is a cross-section of the quotient map ttq : H Z^^ = 

H/M with xIm = Osh G Z^(Z^^,M), then each characteristic cocycle in 
Z{H, L, M, T) is cohomologous to the one (A, fi) G Z(i7, L, M, T) such that: 

X{m;nSH{h)) = X{m]SH{h)), m,n e M, /t e Z<^; 
IJ,{mSH{g);nSH{h)) = X{n;SH{g))lJ'{sH{g);SH{h)), m,neM, g,heN. 

Proof. In the crossed extension E e Xext(i/m, L, M, T) associated with 
{X,fi)eZ{H^,L,M,Ty. 

1 > T > E > L > 1, 



we redefine the cross-section u in the foUowing way: 

u{mSH{g)) = u{m)u{sH{g)), meM,geN, 

so that n{m; Snig)) = 1, m e M, g E N. We now compute, for m,n G M, h e 
Z<N: 

X{m;nSH{h))u{m) = ansH(h)iuim)) = u{n)as^(^h){u{m))u{n)~'^ 
= X{m; 5H{h))u{mn)u{n)~^ 
= X{m; 5H{h))u{m), 

for g,h E N, wc continue the computation: 

fJ'{mSH{g); nSH{h))u{mSH{g)n5H{h)) 

= u{mSH{g))u{nSH{h)) 
= u{m)u{5H{g))u{n)u{5H{h))) 
= u{m)as^^g^{u{n))u{5H{g))u{5H{h)) 
= A(n; Sh {g))u{m)u{n)iJ,{sH (g) ; Sh {h))u{sH {g)sH (h)) 
= A(n; Sh {g))u{mn)ii(sH (g) ; Sh {h))u(sH {g)sH (h)) 
= A(n; Sh {g))iJ,{sH (g) ; Sh {h))u{mSH {g)nSH (h)), 
and complete the proof. 'v' 
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Groups G, ifni, Gja, and Qja- First, we fix notations. To work on the 
quotient group Z/pZ = Zp,p e N,p> 2, we set 



[iL = i + pZeZp; i = np+ {i} , < {i} < p, 



ifWp + {i}p<p; 



(3.8) 



We shall call the pZ- valued cocycle rjp e Z^(Zp,pZ) the Gauss cocycle, which 
can be written in the following way: 



^]p^ \j]p) = 



p 



( 


'i + j' 




i 




'i' 




. P . 




.P. 




.p. 



(3.8') 



where [x],x e R, is the Gauss symbol, i.e., the largest integer less than or 
equal to x. 

Given a homomorphism m of the group G to M./T"Z such that Ker(m) D 
N, we consider the group extension: 

Gra = {{g, s) eG xR: ST' = s + T'Z = m{g) e R/T'Z}, 
. Z Gm G > 1, 

where 

zo = {0,T')eGm. 

Identifying m with moTTo G Hom(iy, E/T'Z), we also form a group extension: 

Hm = {{h, s) e H xR: m{h) = st> G R/T'Z] 

= {(m, ^, s) e M X G X M : m(^) = st' e M/T'Z}, 



Z 



1, 



where the central element 



^o = (l,T')ei?„ 



appears in both Gm and Hm- We hope that this abuse use of the same 
notation for two distinct elements in the different groups will not cause a 
headhach later: just like the zero elements in the ring theory. 

By the assumption N C Ker(m), the homomophism m factors through 
the quotient group Q = G/N ^ so that it is also viewed as a homomorphism 
oiQ ^ R/T'Z and therefore we can form the group extension Qm as before. 
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which sits on the following commutative diagram of exact sequences: 

1 1 



Z 



Sm{N) 



-> N 







G 



1 



Z 



Q 



Q 



1 



1 1 

From the assumption Ker(m) D it follows that m.{piai) = 0, so that 
there exists an integer qi E Z,0 < qi < pi such that 



We set 



mj = |m(aj)|y, = G — Z , 

Pi \Pi J 

m(aj) = rii^ = mj + T'Z e R/T'Z. 

2;^ = (oi, mj) e Gm, « 7^ 0, 2;o = (0, T') e G^, ' 
Sm{g) = ^ei{g)zi = ig,^ei{g)m, J = (^,n(^)), 

iGN 

Then Gm decomposes in the following way: 

Gm = Zzo © Sin(G) = J2 '^h^^^ No = N U {0}/ 

^ = 60(^)2:0 + ^ei{g)zi e Gm; 

^ = {9, s) = (0, eo{g, s)T') + I ^ej(^)aj, ^ei(^)mj J 
= (0, eo{g, s)T') + ^ei{g)zi; 

iGN 

eo{g,s) = ^-^^^ eZ, ei{g,s) ^ ei{g), ieN. 



(3.9) 



(3.10) 



} (3.11) 
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In particular, ii g ^ we have 



n(o) 

9 = [9, 0) = — Tf^zo + 2_^ei{g)Zi, 



so that 

eo{9) = --^r ^ unless n(^?) = ^ei{g)mi = 0. 
We then have 

m(^) = [n((7)]y, e M/T'Z. 

Setting 

we write every g ^ N uniquely in the form: 

9 = = J2^3,N{9)bj, 



Pj 



where 



and also in Hm we have 



ej,N{9) = 



Pj 



i>j = PjZj -PjmjZo = PjZj - QjZo. 



(3.12) 



(3.12') 



Remark. The element (a^, 0) is NOT a member of Gm- 

Next we define a cross-section Sm '■ Q ^ Qm in such a way that the 
following diagram commutes: 



Qr 



G 



Q 



First, we set 



g = g + NeQ^ G/N, g E G; 
5(?) = ^{ei{q)}p^ai, qeQ; 



o^i = ^Qm(«i)5 ij = (di,mi) 



= I q^^Mq)}pi^i]'^ 

\ i6N / 



s(g, s) = (s(g), s) e G^, (g, s) e Qr 



(3.13) 
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The cross-section s : Qm Gm. gives rise to an A'"-valued cocycle: 

n^ = aQseZ2(g^,iV), (3.14) 

which is given by: 

riNiqwh) =5{qi,si) -\-5{q2,S2) - s{qi -\-q2-,si + S2) 
= {s{qi) + 5(92) - s{qi + 92), 0) 



Xl^Pi([ei(Q'i)]p,; [ei(Q'2)]p,)ai,0 
E(^^>^([^^(^i)]p.; [e»(?2)U)a„0) eN = Nx {0}. 



i6N 

for each pair qi = {qi, Si), q2 = (g2,S2) e Qm- 
For each element 

h = {m,g) e H, m e M,g e G, 
we write m = mo{h) and ^ = ttJJi). Then we have 

and 

mo{gh) = mo(5') + mo(/i) + nM(7rc5(5f); 7rc3(/i)), g,he H. 
For short, we write: 

eij(^) = ei,j{mo{g)) for ^ = {mo{g),g, s) e i^m, j e N. 

With 

Snig) = {0, g) e H for each ^ e G, 

we have 

UmIs'; /i) = Snig) + Snih) - Snig + h) ^ daSnig; h), g.heG. 

With 

we obtain a cross-section s of ttqottg : H ^ Q = H/ which gives rise to an 
L- valued second cocycle G T?{Q^ L): 

ni(gi;g2) = s(gi)5(g2)s(?i + g2)"\ gi,?2 e Q, 
= s«(^s(qi))%(^5(q2))%(s(qi + ^2)) 

= nM(s(gi);s(g2))^s(Qi) +s(g2))^5(gi +92))^^ (3.15) 
= n^(^s(gi);s(g2))%(^n;v(gi; g2) +s(gi + g2))%(s(gi + g2))~^ 
= nM(^s(gi);s(g2)^nM(^n^r(gi;g2);s(gi + g2)) ~^5H(^nM(gi; g2)) . 
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We further compute the j, fc-components and ^-components: 

ej,fc(nM(s(9i);s(92))) = ej{s{qi))ekis{q2)) 

= {ej(9i)}p.{efc(92)}p,, 
ei,fe(tw(n^(gi;g2);5(Qi + = ej{n^{qi;q2))ek{s{qi + 52)) 

= Vpj{[ejiqi)]p.; [ej(92)]p.){efc(9i + 92)}^,, 

efe(s«(n^(Qi;g2))) = Vpk{\.ek{qi)]p^; [efe(g2)]p^). 

Since 

ViGN / 

for each h = (m, g) e -H", we set 



> (3.16) 



Sm(M = Sm(^)) = ( TO, ^ei{g)Zi j = ( TO, ^, (^) 



mi 



(3.17) 



and we identify £ — (m, Pg) e L with (m, P^f, 0) e i^rn, so that L is a 
subgroup of Hm, while iif is not. 

§4. The Characteristic Cohomology Group A{HiaiL^M,T). 

Since ilf is a universal resolution group for G = Z^^, every third co- 
homology class [c] e H^(G, T) is of the form [c] = 5hjr [A,/u] for some 
[A, /u] G A(ii/', M, T). So every outer action ct of G on a factor M of type 
Mx comes from an action a of H, i.e., the outer action a is given by 



ag = as„(g), g eG. 



(4.1) 



But the action a oi H does not give rise to an action of H on the reduced 
(discrete) core Md- Instead, the action a of H on M gives rise naturally to 
an action, denoted by the same notation a, of Hm on Md where 

m(/i) = mod (an) G R/T'Z, h e H. 

li N = d-i(Cntr(M))) C G, then L = a-i(Cntr(M)). We make a basic 
assumption on the subgroup N: 



N = PG = PZ 



<N 



In the case that G is finitely generated free abelian group, the fundamental 
structure theorem for finitely generated abelian groups guarantees that every 
subgroup of G is of this form. 
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We study first the characteristic cohomology group A{H^, L, M, T) and 
modified HJR-map 5 : A{Hm, L, M, T) ^ B.^Js{G, N, T). 
We introduce a series of notations first: 



No = NU{0} = Z+; 

Ao = i, k)eNl:t<j <k}U {(z, z, k) eNIk k} 
U G No : i < /c}, 

A = AoHN^ 

For each g e Hm, let mo{g) be the M-component of g, i.e., 

mo{g) = gsil-ndg))'^ e M, ge H^. 



(4.2) 



(4.3) 



We regard and 6^^/- as functions defined on by fixing the coordinate 
system: 

9 = \ ej^k{9){aj A a^), ^ ei(3)2:i G i?m, with g = TTmig) G -ff. (4.4) 



i<j<fe 



We then introduce a cochain Bjk G C^(i7m,IR) defined by the foUowing: 

for j < k; 

Bjk{h) = { _^^2^I^ ioTj = k; heH^. (4.5) 



-ej,k{mo{h)) 
{ejej){h) 



ek,j{mo{h)) - {ejek){h) for j > k, 
The cochain enjoys the property: 

dnBjk = 7ro(ej(g)efe) for j, k eN. 
We continue to define the following cochains for each a e M^o : 

Xa{i,j, k) = a{i,j, k)ej^k®e.i + a{j,i,k)ei^k®e.j + a{k,i, j)eij®ek, 

Xa{i, k) = a{i, i, k)ei^k ® + a{k, i, k)ei^k ® e^; 
Ya{i,j, k) = a{i,j, k)(^Bij®ek +ek®Bji - Bik^Cj - ej®Bkij 

+ a(j, i, k) [Bji®ek + e^^Bij - Bjk®ei - ei®Bkj^ 

+ a{k,i,j)(^Bki^ej +ej®Bik - Bf-j^ei - ei^Bj^^, 
Ya{i, k) — a{i, i, k){Bii (g) efc + efe (g) Ba - Bik ®ei-ei® B^i) 

+ a{k, i, k){Bki ® ek + ek ® Bik - Bkk ® ei - ei ® Bkk), 
Z{---){g;h)=Y{---){mo{h)-g); 

Zaii,j, k) = a{i,j, k)[ej®ei^k - ek®ei,j^ 

+ a{j,i,k)(ek®eij + Ci^ej^k^ + a{k,i,j)(ej®ei^k - Si^ej^k^, 



(4.6) 
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Za{i, k) = a{i, i, k)ei®ei^k + a{k, i, k)ek ® 6^,^; 
fi,j,k = 2{eiej)®ek - 3ei^{ejek) + ej®{eiek) 

- 2(eiefe)(g)ej - ek®{eiej), 

Ua{i,j,k) = ^(a{i,j,k)fi^j^k + aU,i,k)fj,i,k+a{k,i,j)fk,i,j 

- {ASa){i,j,k)fij^k), 
Ua{i, k) = -a{i, i, k)Bii (8> efc + a(fc, i, k){Bkk <^ ei - ek ® (eiCfc)), 
Va {i, j, k) = Za{i, j, k) + TfJJa («, j, k) , 
Va{i, k) = Za{i, k) + TfJJa{i, k). 

The infinite summations: 

i<j<k i<k 

i<j<k i<k 

Ua= Ua{t,J,k) + YUa{t,k)- 

i<j<k i<k 

Va= Y Va{l,J.k) + J2Va{hk)- 
i<j<k i<k 

Za= ^ ^a(«, i, /c) + X^^a(«, A;) 



i<j<k 



i<k 



(4.7) 



will become all finite sums as soon as variables from M or are fed in. So 
no divergence problem in the infinite sums will occur. 

The cochain fij,k relates basic cocycles ei<S>ej<S>ek and the asymmetric 
tri-character: 

detyfe = {ei®ej®ek + ej®ek®ei + ek®ei®ej) 

= A Cj A Ck 
in the following way: 

detyA; = dLfi,j,k + Qei^ej^Ck, i < j < k, (4.8) 

which can be confirmed by a direct computation. 

Let Z be the set of all pairs (a, b) of functions a: (z, j, k) eN^ ^ a{i, j, k) e 
M and h: ENq^ Hhj) ^ satisfying the following requirements: 

a) The requirements on the parameter a is given by: 

a{i,j, k) = for j > k and a(0, j, k) = for every j, k G Nq/ 
(ASa)(i,j,/c) = a{ij,k) - a{j,i, k) + a{k,ij) 

1 



> (4.9Z-a) 



Z . 



Y. KATAYAMA AND M. TAKESAKI 



43 



b) The requirements for the parameter b is given by: 

(4.9Z-b) 



Kh j)Pj - Kh 0)qj e Z for ij eN,i< j, 
b{0,j) = 0, jeNo. 



Let Za be the set of a e satisfying the above requirement (4.9Z-a) and 
Zb be the set of all b e R'^o with the properties of (4.9Z-b). So we have 

Z = Za(B Zfc. 

Let B be the subgroup of Z consisting of all those (a, b) E Z such that 
a) The coboundary condition on the parameter a is given by: 



a{i,j,k),a{k,i,j),a{j,i,k) e Z ii i < j < k, 
a{i, i, A;) e 2Z if z < k; a{k, i, A;) e 2Z if z < k, 

b) The coboundary condition on the parameter b is given by: 



(4.9B-a) 



Pi Pj \Pt J \Pj J Vcm{p^,pj) y (4.9B-b) 

6(i,0)eZ, b{i,i)eZ, ieN. 

Respectively, let Ba (resp. Bi,) be the set of all those b G M^o satisfying the 
requirement of (4.9B-a) (resp. (4.9B-b)). Thus we have 

B = Ba® Bb. 

and set 

A = A„©A6, Aa = Za/B„, Ab = Zi,/Bb, 

Ha — Za/Ba, Hb = Zb/Bb. 

With D{i,j, k) = gcd{pi,pj,pk) for each triplet i < j < /c e N, we set 



Za{iJ,k) ^ <^{u,v,w) -.u-v + w e 
Ba(i,j, A;) =Z©Z©Z, 



D{iJ, k) 

where u = a{i, j, k), v = a{j,i,k), w = a{k,i,j). 
For a pair i < k,i,k E N, we set 

Zaihk) = {{x,y) e M^j =M®M, Baihk) = (2Z) © (2Z), 
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where x = a{i, i, k) and y = a{k, z, k). We then naturally define: 

KiiJ: k) = Z„(z, j, k)/Ba{iJ,k) 



D{i 



K{hk) = Za{i,k)/Ba{i,k) = M/(2Z) ©R/(2Z), i < k. 

Here the above second isomorphism can be seen easily by considering the 
matrix: 

'1 -1 l\ 
1 e SL(3,Z). 
l) 

For each ordered pair i < j, i, j G N, we define 

j) = {{x,u,y,v) 6 R"^ : PjX - qju G Z,piy - qiV G Z}; 
Bf,(i,j) = {(a;,'U, y,-!;) e Zb(i,j) : pjx+piy G Di^jZ,u,v G Z}, 
Zb(i,i) = = (a;,u) G : PiX - qiu G Z}, Bb(i,i) = Z ® Z, 
Ab(i,i) = Zb{i,j)/Bb{i,j), Ab{i,i) = Zbii,i)/Bb{i,i), 
where 

A, J = gcd{pi,pj). 

Definition 4.1. To each (a, 6) e Z we associate a cochain (Ao,6,//a) 
defined by the following: 

Xa,b{g; h) = exp(27ri((Fa + XASa)(^; /i))) 



(4.10) 



X 



^ (4.11) 



expl27ri ^ b{iJ)ei^N{g)ej{h) 

\ \6N,jGNo 

'7a(fi'; /i) = exp(27ri(ya(5f; h))), 

fJ-aig; h) = exp (^.TTiVaig; h)^ 

= KA'^oih); g) exp (27riUai7rcig);7rc(h))^, 

for each ((7, h) e L x H^. In the case that 6 = (resp. a = 0) we denote the 
corresponding cochains by (Aa,//^) (resp. A^). 

Theorem 4.2. a) The cochain (Xa, fia) is « characteristic cocycle in Z{H^, 
L,M,T) and the correspondence a & Za ^ (Xa, jJ-a) £ gives the following 
commutative diagram of exact sequences: 



1 

> Ba > aeZa > [a] G Ha > 

1 i i (4-12-a) 

> Ba > {Xa,tJ'a) G Za > [Aa,Ma| ^ > 1 
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b) The correspondence b & ^ Xi, E Z{H^^ L, M, T) gives the following 
commutative diagram of exact sequences: 





beZb 



(Ab, 1) e Zb 



[b] e Hh 








(4.12-b) 



c) The characteristic cohomology group 

A{H^, L, M, T) = A„ © Ab 

has further fine structure: 

i) The group /ias the Cartesian product decomposition: 

Aa= n Kii,j,k)®Y[Aaihj);^ 

i<j<k i<j 

D{i,3,k) = gcd(pi,pj,pk); 
A«(z,j) = K/(2Z)®R/(2Z). 



(4.13-a) 



ii) The group Ab has the fiber product decomposition into the family 
{Ai{i,j) : i,j & N} and each group Ai{i,j) is described as follows: 



Ab{i,j) = Z/{gcd{p,,p,,q,,q,)Z) © (M/Z) © (R/Z),^ < j, 
Ab(z, z) = Z/(gcd(p„ q,)Z) © (M/Z). 



(4.13-b) 



T/ie group Ah{i,j) and {resp. Ab(i,i)) is equipped with three {resp. 
one) homomorphisms: 



TTij : Ab{i,j) 



1 



Z / Z, 



Mhj) 

7rly.Ah{iJ)^R/Z, njy. At,{iJ) 
iri : Ab{i,i) ^ M/Z, 
such that for each z = (x, u, y, v) e Zb(i, j) 

T^ijii^z]) = [rriijixrj^i + yrij) - mjiusj^i + vsij)] 

<,([A.]) = Mz, = Hz, 

T^iidA^]) = \PiX - gi«]z, <([A^]) = [u]^, 



(4.14) 



(4.15) 



46 



OUTER ACTIONS W 



where 



D{i,j) = gcd{pi,pj,qi,qj), 
Dij = gcd{pi,pj), Eij = gcd{qi,qj), 



Pi 



''''' ~ D 



''''' " D 



Pj 



~ E. 



^3,i ~ 



qiWij + QjWj^i = Eij, XijDij + VijEij = D{i, j). , 



1,3 



(4.16) 



The group is the fiber product of {Ai,{i,j) : i,j G N} relative to the 
maps l^Til pTii-^Til :i,jE n| in the sense that is the group of all 
those Xb e n(ij)eN2 ^b{hj) such that 



<AMhj)] = <[^b{i,i)] = nli[Xb{k,i)], i,j,ke N. 



(4.17) 



We will prove the theorem in several steps. 

First, we observe that the asymmetrization of fij,k is given by: 

AS/ij,fc = 2{eiej) A e/, - Se^ A (ejCk) + Cj A (cjCfe) 

- 2{eiek) A Cj - A (ejCj) (4.18) 
= 3^(ejefe) Aci- {ciCk) A cj + {ciCj) A e^^. 

Lemma 4.3. i) The difference of Xa and Ya on M x is given by. 

Xa-Ya=XASa On M X H^. 

In particular if the following integers 

eij{m)ekig), ej^k{m)ei{g), ei^k{m)ej{g), ej^k{m)ei{g) 

are all divisible by gcd{pi,pj,pk), then we have for each a & Z 

Ya{i,j,k){m;g) = Xa{i,j,k){m;g) mod Z, meM,geHm. 

Therefore, if either g&Lorm&LA H^n, then the following congruence 
holds: 



Xa {i, j, k) (m; g) = Ya{i, j, k) (m; g) mod Z; 
Xa{i,j,k){hi Ag;h2) = Ya{i,j,k){hi A g;h2) mod Z 



(4.19) 



for each hi,h2 € 
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ii) For every rn e M and g e H,^ and i < k we have 

Xa{i,k){m;g)^Ya{i,k){m;g). (4.20) 

Proof, i) We simply compute for i < j < k: 
(XaiiJ, k)-Ya{i,3, k))(m;g) 

= a{ij,k)ej,k{m)ei{g) + a{j,i,k)ei,k{m)ej{g) 

+ a{k,i,j)eij{m)ekig) 

- a{hj, k)(ei^k{m)ej{g) - eij{m)ek{g)^ 
- a{hi-,k) (eij{m)ek{g) + ej,kim)ei{g)^ 
- a{k,ij)(^ei^k{m)ej{g) - ej,k{m)ei{g) 
= (a{i,j,k) - a{j,i,k) + a{k,i,j)^ 

X {ej^kim)ei{g) - ei^k{m)ej{g) + eij{m)ek{g) 

Thus we conclude 

{Xa - Ya){m;g) = XASa{m;g), me M,g e H^. 
ii) The assertion follows from an easy direct computation. <^ 

Lemma 4.4. If a E is asymmetric modulo ( Z ) in the sense 

\PiPjPk J 

that: 



(ASa)(iJ,k) = a(ij,k) - a(j,i,k) + a(k,ij) e Z (4.21) 

\PiPjPk J 

for each triplet i < j < k, then the cochain Ha of (4.11), i.e., 

fJ'aig; h) = exp(27ri(K(5'; h))), g,he L, 
is a second cocycle jia^ Z^(L,T). 
Proof. Observing 

{dLf^a){gi;g2;g3) = exp{27Ti{dLVa{gi; g2; gs))), gi,g2,g3 e L, 

we compute the coboundary of V^: 

dLVaiiJ, k) = dLZa{iJ, k) +dLUa{i:j, k) 
= a{i,j, k){ej®ei®ek - ek®ei®ej) 

+ a(j, i, k){ek®ei®ej + ei®ej®ek) 

+ a{k,i,j){ej^ei^ek - ei®ej®ek) 

+ {a{i, j, k)fij^k + a{j, i, k)fj,i,k + a{k, i, j)fk,i,j 

- {ASa){i,j, k)fij,k^ 
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= a{i,j,k){ej®ei®ek - ek®ei®ej) 

+ a{k,i, j){ej®ei®ek — ei®ej®ek) 
+ j, A;)(detijA; - 66^(8)6^(8)6^) 

+ a{k,i,j){detkij - 66^(8)6^(8)6^) 

- (ASa)(z, j, A;)(detjjA; - 66^(8)6^(8)6/,)^ 

= -(ASa)(z, j, A;) (^ei(8)ej(8)eA; - ej®ei®ek + 6fe(8)6i(8)6j^ 
= mod Z on L X L X L, 
since ei®ej®ek takes values in piPjPk'Z on L x L x L. Also we have 

5LK(^, A;) = dLZaii, k) + dLUaih k) 

= a{i, i, k)ei®ei®ek + a{k^ i, k)ek®ei®ek — a{i, i, k)ei®ei®ek 

+ a(/c, z, k) [ek®^k®^i - ek®{^i®^k + ^k^^i) 
= 0. 

Hence is a second cocycle on L. ^ 

Lemma 4.5. i) For every {a,b) e Z, the pair {Ao,6,//a} a characteristic 
cocycles in Z{Hm, L, M, T). 

ii) Every characteristic cocycle (A, //) e Z{H^, L, M, T) is cohomologous 
to some {Xa,b,l^a)- 

iii) r/ie characteristic cocycle {Xa,b, f^a} £ Z(iyni, -/W^, T) zs a coboundary 
if and only if (a, &) e B. 

Proof, i) We first check the cocycle identities for each g,gi.,g2 £ L and 
/t, /ti,/t2 e -ffm: 

fia{h~^gih; h~^g2h) 

/"a(5'i;fi'2) 

Xa,b{g2 Ah;gi); (a) 



(^(^aL(8id)Aa,6)(5'i;5'2; M = 



id(^a„^)A.,,)(^;/.,;/.2) = — 



Aa.blfi* A /ii; /l2) 

= A„,6(/ii A5f;/i2); (b) 

KA9\h) = — - — , g,heL. (c) 

h) 

Second, we compute for gi, g2 ^ L and h G H^: 
Xa{iJ, k){g2 Ah;gi) 

= j, k)ej^kig2 A h)ei{gi) + a{j, z, k)ei^k{g2 A h)ej{gi) 
+ a{k,ij)eij{g2 Ah)ek{gi) 
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= i, k)ei{gi)[ej{g2)ek{h) - ek{g2)ej{h) 

+ a{j,i,k)ej{gi)(ei{g2)ei{h) - ek{g2)ei{h)^ 
+ a{k,ij)ek{gi)(ei{g2)ej{h) - ej{g2)ei{h)^ 

= a{i,j,k)eii^(^eji^ek - 6^(8)6^^ + a{j,i, k)eji^(^ei<^ei - efc(8)ej^ 
+ a{k,i,j)ek®{ex®ej - ej®e^ (^9i;g2; h^- 
On the other hand, we have 

(^(^dL&d^Ya{i,j,k)^ = a{i,j,k)[ei®ej®ek - ei®ek®ej^ 

+ a(j, z, k) [ej®ei®ek - ej®ek®ei^ ) (4.22) 
+ a{k,i,j)i^k®ei®ej - ek®ej®e^. 

Since 

XKSa{^,^,k){g2^h■,gl) = ^ mod Z, 
Lemma 4.3 yields, for each gi, g2 & L, h G Hm, the following: 

(^{dL<®id)Ya{i,j,kj^{gi;g2;h) = Xa{i,j,k){g2 Ah;gi) 
= Ya{iJ,k){g2 Ah;gi) mod Z. 

Similarly, we have 

{{dL&d)Ya{i,k)){gi,g2;h) = Ya{i,k){g2 Ah;gi) mod Z. 
Next, we have 

Xa{i,j,k){hi Ag;/i2) = a{ij,k)ej^k{hi A g)ei{h2) 

+ a{j, i, fc)ei,fc(/ii A g)ej{h2) + a{k, i,j)eij{hi A g)efe(/i2) 

— ^a{i,j,k)(ek^ej - Cj^Ck^^ei + a{j,i,k){ek®<^i - ei®ek^®ej 

+ a{k,i,j){ej®ei - ei®ej^®ek^ {g;hr,h2^; 

(id®dH^Ya{i,j,k){g;hv,h2) — ^{i,j,k){ek®ej®ei - ej®ek®ei^ 

+ a{j, i, k) {ek®ei®ej - ei®ek®ej^ 

+ a{k,i,j){ej®ei®ek - ei®ej®ekj^ (^g;hi;h2^ 
= Xa{i,j, k){hi Ag; /12) 



> (4.23) 



and 



id^dnSj^ASaiiJ, k) = 0. 
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Hence Lemma 4.3 again yields, for each g & hi, h2 E i?m, that: 

(id^dn^^ (Ya{i,j, k) + Xj,saii,j, kfj (g; hi; h2) 

= (Ya{i,j,k) + Xj^sa{i,j,k)^{hi Ag;h2) mod Z. 

Similarly, we get the following: 

{{id<^dH^)Ya{i,k)){g,hi;h2) = Ya{i,k){hi Ag:,h2), g e L,hi,h2 e H^, 

X^sa{i,k) = 0. 

Thus so far we have established the formulae (a) and (b). 

Now we move on to (c). Fixing g,h G L, we compute the right hand side 
of (c): 

liajh; h-^gh) ^ iigjh; {g A h)g) ^ a h h) 

nJmo {h)5H{h) ; tuq {g)stlg) ) 
= Xa{g A h; h)^ {- 

lia\rno{g)5tlg)]mo{h)5H{h)j 

= exp(27ri(X„((7 A h; /i)))(exp(27ri(ASK(/i; g)))) 

= exp(27ri((Fa + X^,^){g A h; /i)))(exp(27ri(ASK(/i; ^)))- 

Next we prove the following: 

Xa{sH{g);sJ^h)) = Xa{g A h; h){ASiia){sH{h);sJ^g)), g.heN. 

First we observe that 

XASa{g] h) = mod Z for g,h & L. 

So for the proof of (c), the term X^sa can be ignored. With this fact in mind, 
we compute: 

XaiiJ,k)(gAh;h) 

= a{i,j, k)ej^k{g A h)ei{h) + a(j, i, k)ei,k{g A h)ej{h) 
+ a{k,ij)eij{g A h)ek{h) 

= a{i,j,k)(ej'^{ekei) - efe®(ejei) j 

+ a{j, i, k) (ei<S)iekej) - efe(8)(ejej)^ 

+ a{k,i,j)(ei®{ejek) - ej®{eiek)^ [g] h^, 
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and also 

Xa{i,k){g Ah; h) = a{i,i,k)(ei{g)ek{h) - ek{g)ei{h)^ei{h) 

+ a{k, z, k) (ei{g)ek{h) - ek{g)ei{h)^ek{h) 
= a{i, i, k) (ei^ieiCk) - ek^efj (g; 

+ a{k, i, k) {ei®el - ek<S>ieiek)j (^g; . 

Next we determine the asymmetrization of Ua{i,j,k) based on (4.18): 
ASUaii,j, k) 

= ^(a{i,j,k)ASfij^k +a{j,i,k)ASfj^i^k + a{k,i,j)ASfk,i,j 

-{ASa)ii,j,k)ASh,,,k) 
= ^ [a{i,j,k)(j^ejek) A - (ejCfe) A ej + (eiCj) A Cfej 

+ a{j,i,k)(^{eiek) Acj - (ejek) A e, + (ejCj) A Cfe^ 
+ a{k,i,j){{eiej) A Cfc - (ejCfe) A Ci + (ciCfe) A e^^ 
- (aii,j,k) - a{j,i,k) +a{k,i,j)^ 

X (iejCk) A Ci - (eiCfc) A ej + {eiCj) A 
= ^ [a{j,i,k)(j^eiek) A ej - (ejek) A Cj + (ejCj) A Cfe^ 

+ a{k,i,j)(^{eiej) A - (ejCfe) A + (ciCfe) A e^^ 
+ (a{j,i,k) - a{k,i,j)J 

X ([ejek) Aei - (eiBk) A Cj + {eiCj) A 

= -a(k,i,j)(ejek) A + a(k,i, j){eiek) A e^- 
+ a(j,i, fc)(eie-, ) Ae^. 

Hence we get 

ASUa{i,j,k) = -a{k,i,j)(^{ejek)®ei - ei<Si{ejek)J 

+ a{k,i,j)(^{eiek)®ej - ej®{eiek)^ > (4.24) 

+ a(j,i, fc)^(eiej)(8>efe - efc(8>(eiej) j . J 

We also check the asymmetrization of Uaii, k): 

ASUa{i, k) = a{i, i, k)ek A Bu + a{k, i, k){Bkk A - Cfc A (ciCfc)) 



+ a{k, i, k) {{eiek)®ek - ek®{eiek)^ ■ 
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We then combine these with the above computations for Xa{i,j, k), paying 
attention to the order of variables in the first term and the second term^: 

Xa{iJ, k){g Ah;h) + ASUa{iJ, 
= a{i,j,k)[ej®{ekei) - ek®{ejei)^ 

+ a(j, i, k) [ei®{ekej) - ek®{eiej)^ 

+ a{k,i,j)(^ei<S){ejek) - ej<S){eiek)j 

+ (a{k,i,j){ejek) A - a{k,i,j){eiek) A ej 

- 0'ij,i,k){eiej) A e/-) 

= a{i,j, k)(^ejiS){ekei) - efe®(e-,ei)j 

+ a{j, i, k) ^ei(g)(efeej) - ek<S){eiej) - {eiCj) A e^^ 

+ a{k, i, j) (^ei®{ejek) - ej®{eiek) + (ejCfe) A Cj 

- (ejefe) A 

= a{i,j,k)(ej®{ekei) - ek®{ejei)j 

+ a{j, i, k) (ei®{ekej) - ek®{eiej) 

- {eiej)®ek + ek®{eiej)^ 

+ a{k, i, j) (^ei®{ejek) - ej®{eiek) 

+ {ejek)®ei - ei®{ejek) 

- {eiek)®ej + ej(g)(ejefc)^ 

= a{i,j,k)(ej®{ekei) - ek®{ejei)^ 

+ a{j, i, k) (ei®{ekej) - {eiej)®ek^ 
+ a{k, i, j) (^{ejek)®ei - {eiek)®ej^ . 

and 

Xaih k){g Ah;h)+ ASUa{h k){sj,h);s^{g)) 



a{i, i, k) (^ei®{eiek) - ek®e 



^In the first term, the variables g and h appear in this order, but in the second term 
they appear in the opposite order. 
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+ a(/c, i, k) [ei^e,^ - ek®{eiek) 

a(iA,k) / 9 9 \ aikA.k) f 9 

+ a(A;, i, k){ek®{eie]^) - {eiek)®ek 



+ a{k, ^> ^) ^ ei(8)e^ + 6^(8)6^^ - (eiefc)«)efc 

We now compare these with Ya{i,j, k): 

Ya{i,j, k){sH{g);5j^h)) 

= a{i,j, k)(ej<^{eiek) - ek<^{eiej)j 

+ a{j, i, k) {ei®{ejek) - {eiej)®ek 

+ a{k,i,j)(j^ejek)^ei - {ekei)^ej^ 

= Xa{i,j, k){g Ah;h)+ ASUa{i,j, /c)(%(/i); %(^)) 
= Ya{i,j, k){g Ah;h) +ASUa{i,j, 

and 

Ya{i,k){sH{g);5Hih)) 

= ^a(i, z, k){Bii ®ek + ek® Bu - Bik ®ei-ei® Bki) 

+ a(/c, i, k){Bki <S>ek + ek<S> B^k - Bkk ® - Cj (8) Bkk)^ 
= a{i, i, k) {^i®{eiek) ~ e^^e^ + ej®ek 

= Xa{i, k){g Ah;h)+ ASt/„(i, s^(^)) 
= Ya{i, k){g Ah;h) + ASUa{h k){s^{hy,s^{g)). 

Therefore, we have 

f^a{SiA9)j^iA'l)) 

Since we have 

Ya{mg; nh) = Ya{m] h) + Ya{g] n) + Ya{g] h) 
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for every m,n G M and g,h & H^, we get, for each m,n & M and g,h & N, 

Aa,6(TO%(fi');n%(/l)) 

= Aa,&(m;%(/i))Aa,6(5H(5f);n)Aa,6(%(5f);5H(/i)) 

A„,{,(m;%(/i)) ^a{sH{h);Sflg)) 

= -^^ 7 r^Aa,b(,fi' A /^; n) — - — T— — 

Aa,f.(n;%(^)) ^a{sH{9);Silh)) 

_ Ha{nSH{h) ; (n%(/i) )~^m5H{g)nsJh)) 
IJ,a{mSilg);nSilh)) 

This proves the cocycle identity (c). Consequently {Ao,6,//a} is a character- 
istic cocycle in Z{H^, L, M, T). 

ii) Suppose that (A,//) G Z(ifjn7 -^7 T). Since M is central in ifm, the 
A-part is a bicharacter on M x Hm, so that there exists a — {a{i, j, k)} G M"^ 
such that 



A(m; /i) = exp j 27ri j J, k)ej^k{'^)ei{h) 11, m G M, /i G H^. 

\ \^,0<k I ) 

As [i^m, -f^m] = for each fixed m e M the character A(m; •) on must 
vanish on M, i.e., 

A(m; n) = 1, m,n & M. 

Thus the restriction /xm of the second cocycle /x to M is a coboundary. Hence, 
replacing by a cohomologous cocycle if necessary, we may and do assume 
that iiM = 1- Now consider the corresponding E G X.ext{Hm, L, M,T): 

1 > T > E — - — > L > 1. 



Redefining the cross-section Sj as 

Sj{msH{g)) = 5j{m)sj{sH{g)), m e M, g e N, 

we may and do assume that ii{m]g) = l,m G M^g G L. Now we compute 
the second cocycle jj. with m,n & M and g,h G L: 

li{mg]nh)Sj{mgnh) = Sj{mg)Sj{ng) = Sj{m)5j{g)5j{n)5j{h) 
= Sj{m)X{n;g)Sj{n)Sj{g)Sj{h) 
= Hn;g)ij{g; h)Sj{m)Sj{n)Sj{gh) 
= K'r^]g)lJ'{g]h)Sj{mngh) = X{n; g)iJ,{g;h)Sj{mgnh), 

which gives 

fj>{mg; nh) = A(n; g)iJ>{g; h), m,n & M, g,h E L. 
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In particular, we have 
where 

mo{h) = hs„{7rG{h))~'^ e M. 
Now with gi,g2, gs £ N, we compute the coboundary: 

1 = (9l/^)(%(£?i);%(^2);%(£?3)) 

^ (%(5'2 ) ; 5g(6'3 ) ) ) ; %(fi'2 )5ff(fi'3 ) ) 

)5if(fi'2 ) ; Snifi-a ) ) /u ) ; %(5'2 ) ) 
^ //(%(fi'2);%(fi'3));»(%(fi'i); nM(fi'2; 93)s„{g2 + fi's)) 

_w . X . xx^(%(^2);%(53))/^(%(^i);%(52 + ^3)) 
- A(n4^2; ^3); ^^^^^^ ^ g,).,^g,))^i,M-M9.)) • > 

Thus the cocycle Ca e Z^{N, T) given by: 

Ca{gi; g2; gs) = K^M{g2;g3);9i) 



(4.25) 



= exp I 27ri 



expl ZnU ^ a(z,j, A;)ej,fc(n4^2;^3))ei(^i) 

= exp ^27ri ^ ^ a(^, j, A;)ei(^i)ej(£/2)efe(£/3) ^ j 
is a coboundary in Z^(N, T). Thus we get, for every gi,g2,g3 £ 

1 = (^ASCo)(^i,^2,«/3) 

= expl 27rij ^a(i,j,/c) sign(c7)ei (c/^(j))ej(^?^(j))eA;(t/a(fc)) 

\ V,i<fe (T6n(i,i,fe) 

= exp 27ri ^ a(i, j, k)detijk{gi; g2; 93) 

\ \i,j<k 



= exp 



(27ri( 5Z (ASa)(z, j, A;)detyfc(5ri,^2,5'3) 



Therefore the coefficient a = {a(z, j, k)} G is asymmetric in the sense of 
Lemma 4.4, so that it gives the second cocycle Z^(L,T): 



//a= exp(27riVa)- 
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Then the cocycle ////-^ e Z^{L,T) falls in the subgroup 7f^{Z'^{N,T)) 
C B^(L,T) because 

li{msilg);nstlh)) = \{n;Stlg))^{Stlg)-Silh)) 
^a{mSflg);nSflh)) 



Ha{sH{g);SH{h)) 
li{s„{g)-Stlh)) 



KsHig);sJ^h)) 



- „ / fs. ^ f.^^^^a{msH{g);nsJ,h)y, 
Ha{SH{g)\Silh)) 

Thus there exists a cochain / e C^(L, T) such that 

l^a{g; h) = ii{g; h) '^^^^^1^^^ ^ g,heL. 

Since 1 = /x(m; /i) = /Xo(to; /i), m G M, h E L, we have 

/(m/i) = /(m)/(/i). 
Since (5i/)(m; h) = l,m e M,h e Hyn, we have 

df{\lj) = (A,//a)- 
Next we look at one of the cocycle identities: 

A(^it/2; ^) = A(t/i; /i)A(^2; ^) — M 

Hgi;h)Xig2;h), gi,g2 e L,h e Hm, 



K92 A /i; 5fi 
= X{h A 5f2; 5'i)A(5fi; h)\{g2\ h) 

= exp ^27ri ^ ^ a(i, j, k)ei{gi)ej^k{h A 5f2) j j A(5fi; /i)A(5f2; /i), 
which gives the following partial coboundary condition: 

{dL&d)X — exp I 27ri j ^ J, k)ei®{ej®ek — e^^ej] 

\ \i,j<k 

Another cocycle identity: 

X{g; hih2) = X{g; hi)X{h^'^ghi; h2), g e L,hi,h2 e H^, 
= X{g A hi; h2)X{g; hi)X{g; h2) 



= exp 



exp 27ri ^ a{i, j,k)ej^]^{g Ahi)ei{h2) \ \X{g;hi)X{g;h2) 

\ V,j<k 
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gives the second partial coboundary condition: 

(id(8)9«^)A = exp 27ri ^ a{i,j, k){ek®ej - ej®ek)®ei 
Setting 

r]a = exp(27ri(Ya)), 
we obtain, by (4.22) and (4.23), 

{dL&d)X = {dL&d)r]a; (id®a«^)A = {id(g)dj,Jr]a. 

Therefore the cochain r/^A = x is a bicharacter on L x Hra- Since M = 
[i^in, H,^], the bicharacter x vanishes on L x M, i.e., A(m; g) = rja{m; g),'m & 
M,g e L. Thus we get 

1 = A(m; g)fj^{m;g) = e^p{2m{X a{m; g) -Ya{m; g))) 

= exp{2m{X^sa{m; g))) = XASa{m;g), 

which is equivalent to the following fact: 

{ASa){i,j,k) e (—rr^ 

Thus we conclude the cocycle condition (4.9Z-a) on the parameter {a(z, j, k)}. 
Therefore the coefficient a e satisfies the requirement for the element 
(a,0) e Z. Therefore it follows from (i) that {Xa,o,l^a) e Z{H^,L,M,T). 
Then the cocycle identity (c) for (Aa,o,A*o) yields that 

A(^; h) = ^ = Ao,o(^; h) = r]a{g; h), g,heL. 
h) 

Thus the bicharacter x = ry^A on L x vanishes on L x L. Since Lemma 
4.3(i) yields for each m e M,h e that 

X(m; h) = A(m; h)r]^{m; h) = Aa(m; h)r]^{m] h) 

= AASa(TO; /i) = exp I 27ri I ^ (ASa)(i, j, k)ej^k{m)ei{h) 

\ \i,j<k 

we conclude that x is of the form: 

Xig; h) = Xo{^ci9);7^cih))exp ( 27ri j ^ (ASa)(z, j, k)ej^k{9)ei{h) 

\ \i<j<k 
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for e L, /i e where Xo is a bicharacter on N x and tTq- ^ Gm 
the quotient map with M = Ker(7rG). We choose j) e M so that 

exp(27ri(&(i, j))) = Xoih; Zj),ie N,j e No. 

Then we must have 

1 = Xoih; bj) = Xoih^PjZj - QjZo) = exp(27ri(6(i, - b{i,0)qj)), 

so that b{i,j) e M, i e N, j e No, satisfies the following condition: 

b{i,j)pj = b{i,0)qj mod Z, i,j e N. 

Hence Xo is written in the form: 

Xo(9;/i) = expl 27ri( ^ j)ei,jv(s')ej (/i) + 0)ei,jv(s')eo(/i) j j 

for each pair g & N and h e H^, where the coefficients b{i,j) satisfies the 
requirements: 

b{i,j)pj-bii,0)qj eZ, i,jeN, b{0,i) = 0, z e No. 

Consequently the pair (a, b) is a member of Z and we conclude that (A, fx) is 
cohomologous to the characteristic cocycle {Xa,b, l^a) ^ 'Z'{H^, L, M,T). 

iii) Suppose {X, fi) = {Xa,b, l-J'o) = df with / G C^{L,T). Since //m = 1 
and Ha{rn; g) = 1, m G M, g E L, we have 

f{mg) = f{m)f{g), meM,geL, 

so that the restriction /|m of / to M is of the form: 



fc{m) = exp I 27ri 2^ c{ij)eij{m) | | , me M. 

\ \l<i<3 

Since M is central in H^, we have for every pair (m, g) e M x 

1 = J (y^^^ = '^(^ii/) = expl 27ri ( ^ a{i, j, k)ej^k{m)ei{g) 

which yields the integrality condition on a: 

a{i, j, /c) G Z for every {i, j, A;) G A 
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Hence Ya{i.,j., k) and Xa{i,j, k) are both integer valued, so that 

Aa(m;/i) = l, meM,heH^. 

Since % = 1 on L x L, for every g,h E L we have 

1 = Ao,6(5r; h) = Xa{mo{g); h)Xo,b{sH{9); h) = X{g; h) 
_ f{h-'gh) 



= fcigAh); 



c{i,j)e f^zV iJeN. 
\PiPj J 

This computation also shows that 

>^Q,h{9\h) = Jc{g Ah), geL.heH^. 
Furthermore, we have for each m,n E M and g,h & L 

IJ,a{mg; nh) = Xa,h{n] g)iJ,a{g; h) = iij^g; h), 
so that jia is of the form: = 7r*(/i) with 

fj'aig; h) = exp{2-Ki{Ua{g; /*))), g,he N. 

Since Xa{nM{g2; gs); gi) = 1, gi,g2,g3 e Hm, we have jla e Z^{N,T) by 
(4.25). We first compute for each g,h e L: 

^iq„w„.M /(gj/C*) /(ftg) fjhgh-^h) 
Since ASUa{i,j, k) is also integer valued, we have 
AS//a = exp ^27ri {^^^^^- ihk)^ 

= exp f 27ri ( ^ (^e^^efc - efc®e|) ^ 



X exp I 
= 1. 

Thus we get 

a{i,i,k), a{k,i,k)&2Z, and Ua{i,k) = mod Z. 
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Consequently, jla is a coboundary as a member of Z'^{N,T). Hence there 
exists a cochain / e C"'^(A'", T) such that 

Thus / is of the form: 

fig) = fc{moig))f{sJ,g)) = x{g) f (T^dg)) , geL] 

where x £ Hom(L,T). Since 

L/[L,L] = M/PMP®N, 
the homomorphism % is of the form: 

X{g) = exp 27ri ^c(j, k)ej,k{g) + ^ c{k)ek{g) , g e L, 



yj<k feGNo 



where 

c(i, j) e ( Z ) , i < j, and c(fc) e R. 

\PiPj J 

Since Ya is integer valued, the A-part becomes the following: 



X{g; h) = exp I 27ri I ^ k)ej,N{g)ek{h) j j , g E N, h E Hm, 

\ \i€N,fc€No 

= exp j 27ri j ^ c(j, k)ej,k{g A /i) 
\ \i<j<fc 

= exp 27ri c(j, /c) (ej{g)ek{h) - ek{g)ej{h) 



l<j<k 



= exp 27ri ^ c(j, k)[pjej^N{g)ek{h) - Pkek,N{g)ej{h) 

\ \l<j<k 

Hence we conclude that for j < k and i e No 

6(z,0) G Z, G Z, z G N; 

/c) = c(j, /c)pj, 6(/c, j) = -c(j, k)pk mod Z, j < k. 
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Thus we have for i < j 

b{i,j) — c{i,j)pi + rriij with some rriij G Z; 
i) — —c{i,j)pj + rrij^i with some rrij i G Z; 



Pi Pi VPi / VPj / Vlcni(pi,pj) 

Conversely suppose (a, 6) G B, i.e., 

a{i,j,k) G Z for i < j < k; 
a{i,i,k), a{k,i,k)&2'Z for i < k, 

and 

^ + / z") and 6(M)GZ; 

Pi Pj VCT^{Pi,Pj) J 

6(z,0)gZ, zgN. 

So we can write 

+ ^dLJ. = _l2l + with rrii m,- ^ G Z. 

Pi Pj Pi Pj 

Set 



c(i,i) = ^-^ fori<i, c(i,i)=6(i,i), 

Pi Pi 



SO that 



6(7, z) , , rrij i 

Pj Pj 

Then we have 

J2Khj)(^i,N{g)ej{h) 
ijeN 

= ^c{hj)(pi(^i,N{g)ej{h) - pjej,N{g)ei{h)^ mod Z, 
= Xl^(^,J>i,i(^A/i). 



Thus with 



/c(^) = exp I 27ri I c{ij)eij{g) ) ) , g e L, 

A<i<j 



we have 



exp [ 2m I Y^b{iJ)ei^Nig)ejih) ] ] = '^^'^^^^^^^ = ai/c(£f; /i), 
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where ei^N{g) means ei^N°7TG. We then compute the coboundary of fc 

= exp ^27ri l^c{i,j){eij{g) + eij{h) - eij{gh)) 

= exp ^2m^c{i, j)ei{g)ej{h)^ = 1, 

because ei{g) G p^Z and ej{h) e pjZ if g,h E L and 

Pic{i,j)pj = b{i,j)pj - rriijpj = b{i, 0)qj = mod Z. 

As a{i,j, /e) e Z for every triplet k) e A, we get trivially 

K,o = 1, Ata = s>a e 1'^{N, T), and 7r*(/ia). 

Since dNUa{i,j,k),i < j < k, is integer valued, the cochain 

Ai^'= = exp(27ri(t/„(z,j, fc))) 

belongs to Z'^{N, T). Since ASUaii, j, k) is integer valued by (4.24), AS/ij,^'= = 
1 and therefore jj^^^ e B^(A^, T). In view of the fact that 

/if = exp(27ri(t/a(z, A;))) = 1, i<k, 

we conclude that jla ^ B^(A'', T). Thus there exists a cochain / e C^(A'", T) 
such that 

Define a cochain / e C"^(L,T) by 

/ = {<J)fc. 

Then we get for each pair g E L,h E 

f{h-^gh) fi7rJ,h-^gh))Uh-^gh) 



{dif){g;h) 



fia) f{^a{g))fc{g) 
fc{h-'gh) 



fc{g) 



^ ' fM9h))Ugh) 



= dhfcig-, h) (9^/) {-^dgy^T^dh)) 
= ij-aiT^dgY-.T^clh)) = Ha{g--, h). 

Therefore we conclude 

a/={Aa,6,//a}eB(iy^,L,M,T). 
This completes the proof. ^ 
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Lemma 4.6. The cocycle corresponding to h E Zj, does not depend on 
the M -component, i.e., 

Xf){mg; nh) — Xb{g', h), m,n G M, g G L,h & H^a. 

we will view as a bicharacter on N x Gm rather than on L x H^. 

i) For i e Z, set 

7jh{h i) — {^z — (x, u) e : PiX — qiu G Zj, ^h{h = Z © Z. 

The bicharacter A*'* on N x Gm determined by. 

X'^\g;h) = exp(27ri(a;ei,iv(5')ei(/i) + wei,iv(5')eo(/i))),5' e N,he Gm, 

gives a characteristic cocycle of Z{Hui, L, M,T). It is a coboundary if and 
only if z is in B5(z,z). The corresponding cohomology class [A*'*] e is 
given by: 

where the integers Ui,Vi are determined by. 

PiUi - QiVi = gcd{pi,qi) 

through the Euclid algorithm. 

ii) Fix a pair i,j&N of indices and set 

'Z'biiJ) = {{x, u, y, v) eM'^ : PjX - qju G Z,piy - qiV G Z}; 
Bb(«, j) = {{x,u,y,v) G Zb(i,j) : pjx + piy G gcd{pi,pj)Z,u,v G Z}. 

To each element z = {x, u, y, v) G Zi){i,j), there corresponds a bicharacter Xg 
on N X Gra determined by: 

>^z\9;h) = exp{2m{xe,^N{9)ej{h) + yej^N{9)ei{h))) 

g & -Njh & Gm, 

X exp{2wi{uei^N{9)eo{h) + vej^N{9)eo{h))), 

which is a characteristic cocycle in Z(iJni, L, M, T). It is a coboundary if and 
only if z E Bbii^j). The cohomology class [A*'-'] G Ai,{i,j) of Xz corresponds 
to the parameter class: 



f(^—z]/z\ 



D{i,j) 
M/Z 
V R/Z 



where D{i,j), ■ ■ ■ ,Wj^i are given in (4.17) o/ Theorem 4.2. 
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Proof, i) Set 



and choose integers itj, e Z so that 

fi'^i SiVi — 1, 

where such a pair {ui,Vi) e can be determined through the Euchd algo- 
rithm. Next we set 

ei = (l,0), 62 = (0,1); 
fi = UiCi + Vie2, ei = Tifi - Vif2, 

/2 = SiCi + rie2, 62 = -Sifi + Uif2. 

Then Zfe(z,z) is given by the following: 
and 

Bb{i, i) = Z6i + Z62 = Z/i + Z/2, 

SO that 

Ab{i, i) = Z6(z, i)/Bb{i, z) ^ -^Z^ Z^i e (R/Z)/2, 

where the dotted elements indicate the corresponding elements in the quo- 
tient group Ai){i,i). Now we chase the parameter: 

z = xei + ue2 = x{rifi - Vif2) + u{-Sifi + Uif2) 
= (riX - Siu)fi + {-ViX + Uiu)f2; 

Z = [ViX - SiUl^fi + [-ViX + UiU\^f2. 

^Tio; h) = exp(^27ri(^(^a;6j,iv(sr)6i(/i) + uei^N{9)eo{h) 

for each pair g & N and h G Cm- 

ii) First we fix the standard basis {6i, • • • , 64} of and set 

go = njei - Tj^iCs, gi = Uj^iCi + Uijes, 
where we choose Uij , Uj^i e Z so that 
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Since 
we have 

Zei + Zea = IaQq + Z^fi. 

Also we have 

B6(i, j) + M^o = %o + %i + + Ze4. 
Consider an integer 3 x 4-matrix: 

~ I yi,j^3,i "^1,3^3,^ y'i,3''^i,3 ^ij^ij 

-Wij Wj^i 



We claim that 



T(Zb(i, j) + Rgo) = { --T^Z ) © M ( 



To prove the claim, for each vector 



z = xei + ue2 + yes + f 64 e W^, 



we simply compute, 

Tgo = 0, 



Tz = 





u 




y 







m 



i,3 



Suppose 

k 



Then we have 



yij{xrj^i + yvij) + Xij{usj^i + vsij) 



k = {niijixrj^i + ynj) - mjiusj^i + vsij))D{i,j) 
= {xpj - uqj) + [ypi - VQi) 
= {{x + trij)pj - uqj) + {{y - trj^i)pi - vqi). 
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A choice of t e M, such that {x + trij)pj — uqj is an integer, yields the 
integrahty of the other term (y — trj^i)pi — vqi, so that 

z + tgo e Zb{i,j)- 

Now we prove that 

T-^Z^ = BtiiJ)+Rgo. 

Since T is a matrix with integer coefficients and the generators (71,62,64 
are all integer vectors, we have T(Bft(i,j)) C Z"^. Conversely suppose that 
Tz eZ^. Then we have 

k = mij{xrj^i + yrij) - n^,j{usj^^ + vsi^j) e Z, 
e = yij{xrj^i + yrij) + Xij{usj^, + vsij) e Z, 
m = —uwij + vwj^i e Z. 

Hence we get 

xTj^i + yrij = Xijk + Ui^i e Z, n = usj^i + vsij = -yi,jk + ruiji e Z, 
u = nwj^i — msij e Z, v = nwij + msj^i e Z, 
xpj + ypi = {xrj^i + yrij)Dij e DijZ. 

Therefore z e Bb{i,j) + Rgo. 
Consequently, we conclude 

AbiiJ) ^ Zbii,j)/Bkii,j) ^ [d^^) / ^) ® (^/^) ® (^/^)' 

in the sense that the cohomology class [A*'-'] e Ai,{i,j) corresponds to the 
following: 



[-UWij + VWj^i]^ 



R/Z 
^ R/Z J 

For each i,j e N, define maps Trj : Ab{i,i) R/Z, Trjj : Ai,{i,j) h-> R/Z 
: Ai,{i,j) ^ R/Z and iVij : Ai,{i,j) ^ (^-^^Z^ / Z by the following: 

7rK[XT]) = [^UeR/Z, 

for each z = {x,u) G Zb(i,i), and 

= Hz e R/Z, TTl^ilX^^]) = Hz e R/Z, 
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for each z = {x,u,y,v) G Zh{i,j). The above maps tt^j and tt^ j are both 
well-defined because the coboundary condition on z implies the integrality 
of u and v. 

Let Aft be the set of all those 

Aft = {Xb{i,i),Xb{i,j)} e JjA6(i,i) X Ab{i,j) 



i<j 



such that 

7ri{Xb{i,i)) = 7rij{Xb{iJ)) = 7rUXb{k,i)) for all ij,ke N. 
Finally we have 

A{H^,L,M,i:) =Aa®Ab- 
This completes the proof. 



Remark 4.6. The direct sum homomorphism tt^ ^t^Ij ©tt^^ is a homo- 
morphism of Aa{i,j) onto the direct sum group: 



z / z 



Z) © (M/Z). 



i) By multiplying Di to nii{Xz) we get 



A7rii([A^]) = [xpi - uqi]j^,j^ e Z/{DiZ); 



Similarly, we have 



D{i,j)TTij{Xz) = [{xpj+ypi) - {uqj +vqi)]^^. .^ G Z/{D{i,j)Z) 



ii) The kernel of tt^ © nlj ® tt^ ^- is given by the following: 



'^zVz 



m. 



\ {0} / 

At the parameter level, the kernel is described as follows: 

[A^] e Ker [t^^ © Trj^^- © t^^^ ^ xpj + yp, e D{i, j)Z, u,v eZ. 
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§5. The Reduced Modified HJR-Sequence. 

We are now going to investigate the reduced modified HJR-exact sequence: 



B.^{H, T) 

Res 

s 



Inf 
r3 



W{H, T) 



9Qr, 



ii^iH, T) 



A{H, M, T) 

^HJR 

H^(G, T) 

inf 

H^(iy, T) 



(5.1) 



We refer to [KtT3: page 116] for detail. So we first discuss the second co- 
homology group 7?{H, T) and the restriction map Res. Each second cocycle 
e [H, T) gives rise to a group extension equipped with a cross-section: 



1 



T 



E 



H 



-> 1 



such that 
With 



5j{g)Sj{h) = ii{g- h)5j{gh), g,heH. 
fi{h;h-^gh) 



(5.2) 



we obtain a characteristic cocycle (A^,/i) e Z(H, H,T). This corresponds to 
the case that P = 1 in the previous section. So we set 

= |a e R^' : a(ij, k) = if j > k, (ASa)(iJ, /c) e z| ; 

= {a e Z^ : a{i, j, k) e Z, a{i, i, k), a{k, i, k) e 2Z j . 

Theorem 5.1. i) Each element a gives rise to a cocycle /la £ Z^(iy, T): 

Ha= exp(27riK) e 'Z''^iH, T), a e Z^ (5.3) 

and the following diagram describes the second cohomology H^(i7, T): 



1 

B'^{H, T) 



a e Z2 



[a] e h2 



[Aa] eH2(iJ,T) 



1 
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More precisely, with 

Z\i,j, k) = {(x, y,z)eR^:x-y + zeZ}, B\i,j, k) = Z\ 

Z^{i,k)=R^, B2(i, A;) = (2Z)2, ) (5.4) 

h2(z, = Z\i,3,k)/B\i,j,k), ll\i,k) = Z\i, k)/B\i, k) 

for each triplet i < j < k (resp. pair i < k) and 

aiij,k) = x, a{j,i,k) = y, a{k,ij) = z, 
(resp. a{i,i,k) = x, a{k,i,k) = y), 



we set 



Then we have 



= exp(27ri(K(z, e Z\H,Ty, 

f^f = exp(27ri(K(z,/c))) e Z\H,T). 

Z\H,T)= H Z\iJ,k)xYlz\i,k), 

i<j<k i<k 

B\H,T)= n B\iJ,k)xllB\i,k), 

i<j<k i<k 



fJ'a = 



<j<k I \i<k / 



i<j<k 

B.\H,T)^ H }i\i,j,k)xl[ii\i,k), 

i<,j<,k i<.k 

[-"a] = ( [/t/^^"] , [iJ^^] :i<J<k 8.nd i<k)e R\H, T). 
Each H^(i,j, < j < k, {resp. H^(i, < k), is given by: 

li^iij^k) ^ (R/Z)e (M/Z), 
(resp. (^, /c) = (R/2Z) (1R/2Z)) . 

Proof. Most of the claims have been proved already except the claim for the 
structure of H^(i, j, k). To prove the assertion on H^(i, j, k), it is convenient 
to introduce a matrix A e SL(3, Z): 

1 -1 1\ /I 1 -1 

1 e SL(3,Z), ^-1= 1 
1/ \0 1 

We then observe that 

AZ'^{i,j,k) = {Z®R®R), AB^ = I?, 

and conclude 

H2(z,j,/c) ^ {0} ® (R/Z) ® (M/Z). 
This completes the proof. 'v' 
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Theorem 5.2. i) Each second cocycle £ Z^(ii', T), a e Z^, gives the 
corresponding characteristic cocycle: 

Res(//a) = {K,IJ'a) = ^L{K\LxH^,IJ'a\L) £ Z{Hm,L,M,T). 

The image Res(Z^(i!Z", T)) is therefore given by: 

Res(z2(if,T)) = {(A„,//„) : a e Z„, (ASa)(i,i, /c) e Z, i < j < k}. 

The {i J k)- component Res(i,j, /c) 0/ the restriction map Res ^«?;es rise to 
the following commutative diagram of short exact sequences: 



Z2(i,j,fc) = A-i 

I 

i 



Xa,(i,j,k)-^Xa,(i,j,k) 



>Za(^,J,fc) = A 



Res(i 



I 

i 



where D — D{i,j^ k) = gcd ipi,Pj,Pk)- -Also the restriction map ReSa(^, A;) 



B„(i,A;) = (2Z)^ 



Z2(i,/c)=M2 X.(i,fc)-^X„(i,fc)^ Za{i,k)=R^ 



A„(z,/c) = (M/2Z)^ 



1 1 
Consequently, we get 

Aa(i,j,A;)/Res(z,j,A;)(H2(i,j,A;)) ^Z/(L>Z), 
Aa{i,k)/Res{i,k){B.\i,k)) ^ {0}. 
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ii) The modified HJR-map S : A{H^, L, M, T) ^ ii'^^^{G, N, T) enjoys the 
following properties: 

a) The {i,j,k)- component and (i, k)- component o/Ker(5) are given by: 

Ker{5)^jk = {0} © (M/Z) © (M/Z), 
Ker(5)ife = (M/2Z) © (M/2Z) = Aa(i, /c). 

b) r/ie image S{[Xa, fJ,^) G (G, AT, T) , a e Z^, depends only on the 
asymmetrization ASa, ie., 

5([A„,/x„]) = 5([As,l]) 
j, /c) = (ASa) (i, j, /c) G ( ^Z ) , i < j < k; 



D J (5.5) 
a{j,i,k) = a{k,ij) = a{i,i,k) = a{iJJ) = a{k,i,k) = 0. 

c) Set 

'Zia = {a e Za : a satisfies the requirement (5.5)}. 

If a E Za, then the image Ca = 5(Aa,l) G Z°"*(Gm, A^, T) under the 
modified B.JK-map 6 is in the pull back 7rj^(H^((5, T)) and given by: 

Ca{qi,q2,q3) = Ca{qi,q2,q3) 

' \ (5.6) 



= exp ^27ri ^ 



J2 «(*'J'^){ei(9i)}pi{ej(92)}p^.{efc(g3)}p^ 

i<j<k 



for each qi = (gi, si), q2 = (g2, ^2), gs = (?3, S3) G Qm. 
d) The modified HJK-map 5hjr «s infective on A5 and Ker(5) is precisely 
the connected component of A{H^, L, M,T) . Ifb& Z^, then 

[cb,i^b]=5(A6,l)GZ^^*,(G,Ar,T) 

is given by: 



Cb(9i,q^2,93) = expl 27ri| ^ ''(i,i)ei,jv(njv(92; 93))ej(s(gi)) j j (5.7) 



where 



^Pi([ei(g2)]p.; [ei(g3)]p.) 
ei,jv(nw(g2;g3)) = — , (5.3) 

ei(s(gi)) = {ei(gi)}„. /or i > 1, eo(5(gi)) = eo(gi). 
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The d-part dc^ of c^, is given by vi, : 



dcM^'^ 93) = exp j 27ri ( 0)- 



Pj 



i^big) = TTT 0)e,- Ar(i7) G M/TZ, (7 e iV, 



where ttt '■ s & M. ^ st = s + TZ e M/TZ i/ie quotient map. 
The modular obstruction group H^g(G, A?", T) looks like the following: 

Hm,s {G,N,T) = H"-^* © Hg-^* , Hg"* ^ Ab , 

<5([Aa,Ma]) = [cASa] e H f( ^ -Z) / z) , a E Za, 



(5.9) 



i<j<k 

[cb,i^b] = Si[\b,l]), Vh e Hom(iV,R/TZ), 

e z/piZ) © K/z, 

/ W*' + - + 

= bijW.jO^j.i + Kj>*)''tj)+aJi,j(K«>0)sj,i + 6(j,0)si,j)]2 



> (5.10) 



•z / z 



0)w;j,j + 6(j, 0)w;j,i]2 

\ 

, D{i,j) = gcd(pi , Pj- ,qi,qj). 



iii) r/ie mai^ : H^^'^U^'^ ^> T) ^ H^(G, T) in the modified E.3R-exact 
sequence is given by: 



dQj[ca]M) = [cf ] e h3(g,t) = ^^(CT),^ e Zs) 
= exp j 27ri j (ASa)(z, j, A;)ej(8)ej(8)e 

\ \i<j<A; 

5Q.Wi(G',iV,T))=7r;(H^(g,T)). 



(5.11) 



Proof, i) The assertion has been aheady proven, 
ii) For each i < j < k, let 



D{i,j,k) = gcd(j)i,pj,pk) e Z. 
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Fix a^Za, i.e., a e R"^ such that 

(ASa)(z,j,A;) = a{ij,k) - a{j,i,k) + a{k,ij) e 
a{ij,k) = if j>k. 



Z 




a{i,j, k) 
a{k,i,j) 



{ASa){iJ,ky 
a{j, i, k) 
a{k,ij) 

ABa{i,j,k) = Z\ 



D{i,j,k)' 



SO that 



[{ASa)iiJ,k)], 
[a{k,i,j)]^ 







yD{z,j,k) ^) 






R/Z 




[ 


R/Z / 



If (ASa)(z, J, A;) e Z, the second cocycle ji^^^ extends to a second cocycle on H 
which gives (A^'-'"'^, iJi^^^'^) = Res(//^'-'''^) . Since Range(Res) = Ker(5), the im- 



age S{X 



depends only on the first term (ASa)(z, j, k) of Aza{i,j, k). 



Hence we conclude 6{[Xa, /ij) = ^([As:], !)• For Aa{i, k), we have 

Aa{i,k) = Res{i,k){B.'^{i,k)), 

so that the map 5 kills the entire Aa{i.,k). This completes the proof of (iia) 
and (iib). 

iic) Set Ca = S{Xa, [J-a) with a e Zg. We then look at the crossed extension 
£;A.,p<.eXext(if^,L,M, T) 

3 



1 



T 



E 



L 



1. 



As 



a{i,j,k) e 



and ei{g)epiZ, g e L, 



gcd{pi,pj,pk) 

we have = 1. Hence observing that Xa{g', h) — 1 for every g E L A and 
h e -ffm, we get from (3.15) and (3.16) the following: 

Ca{qi,q2,q3) = as(gi)(Si(ni(^2; ^3)) )5j (11^(^1 ; ^2^3)) 
= >^a{s{qi)nL{q2] q3)s{qi)~^; 5{qi)) 

= Aa((5(gi) Ani(g2;g3))nz.(g2;g3);5(gi)) 
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= Aa (11^(0^2; 93) 

= exp 27ri ^ a{i,j, k)ej^k{n^{q2; 93))ej(5(gi)) 

\ \i<j<k 

= exp 27ri J] a{i,j,k){ei{qi)}p.{ej{q2)}p.{ek{q3)}p^ 

\ \i<j<k 

= exp 27ri J2 (^ihj,k){ei{qi)}p.{ej{q2)}p.{ekiq3)}p^ 

\ \i<j<k 

= Ca{qi;q2;q3) 

for each qi = (qi,si),Q2 = (?2,S2),?3 = (?3,S3) ^ Qm- Thus the assertion 
(iic) follows. 

iid) Since Res(H^(iy, T)) fl Afe = {0}, the modified HJR-map 6 is injective 
on A5. Now fix 6 G Z5. Since ! and Xi,{m;h) = {1} for every pair 

m e M,h e Hyn, we have, as in (iic), the following: 

C6(<?i;?2;^3) = Ab(n^(g2;?3);s(Qi)) 

= exp 27ri ^ j)ei,iv(ti^(92; 93))ej(s(9i)) 



/ 

exp 



27ri ^>(i, j)ei,jv(njv(g2; g3))ej (3(0-1)) 



X exp 27ri } ^6(i, 0)et,Af (n^(g2; 93))eo(9i) 



where ei,Ar(Ujv(g2; 53)) is given by (5.8). Also we compute 

4^(52; 53) = Ab(n^(Q2;?3);2;o) = exp ^27ri ^ ^'^ ^^"^ '^^^^ 



\ ViGN 



exp 27ri > ^6(i, 0)ei,iv(n;v(g2; 53)) 



^^6(^) = 7rT(Tj]6(i,0)ei,iv(^)) G M/TZ, e iV, 

\ i€N / 

with ttt '■ s ^'M.i-^ St — s TZ G M/TZ the quotient map. 

The last assertion, (5.10), on H^*(G', A^, T) follows almost automatically 
from the above computations and Lemma 4.6 in the last section. 
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iii) We now compute the map 

^.r. :H^"i(G',iV,T)^H3(G,T). 

We continue to work on the cocycle (Aa,&, 1) for a G whose restrictfon to 
{i^m, K} gives rise to the crossed extension U G Xext(-ffni, K, T): 

1 ^ T ^ U — ^ K ^ 1 




where the group K is given by the foUowing: 

K = KeriiybOTTa) =lgeL: 0)e,- Ar(^) G Z i. 

Then the foUowing third cocycle cq G Z^(G,T): 

cg(^i; 92-, gs) = "sMfli) (%(«m(5'2; g3))sj{nM{gi; g2g3)) 

X (sj (nM(5'i ; g2))Sj {nM{gig2 ; fi-s) ) 
= K,b{'^J.g2\ g^y, gi) = K{^{g2;g3);gi) 

= exp 27ri ^ a{i,j,k)ei{gi)ej{g2)ek{g 

\ \i<j<k 

= Ca{gi;g2;g3), ^1,^2,^3 gG, 

is precisely the image dT,-^°5{Xa,b, !)• ^ 

§6. Concluding Remark. 

The history of cocycle (resp. outer) conjugacy analysis of group actions 
and group outer actions on an AFD factor goes back to the grand work of 
Connes, [Cnn3, 4], in the mid 1970's. Since then, the steady progress was 
accomplished by several hands through the three decades following Connes 
work, the works of V.F.R. Jone and A. Ocneanu are noteworthy, [Jn, Ocn]. 

We have now computed the invariants, which determine the outer conju- 
gacy class, of an outer action of a countable discrete abelian group on an 
AFD factor of type Ha, < A < 1. The reduction of outer conjugacy anal- 
ysis of an outer action of a countable discrete amenable group on an AFD 
factor of type M\ down to the associated complete invariants was successfully 
carried out in our previous work, [KtTl,2,3]. As we have demonstrated in 
this paper, the computation of invariants is doable as soon as the group in 
question is specified, except the case of type Hq- 
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Toward One Parameter Automorphism Group: After the comple- 
tion of cocycle (resp. outer) conjugacy classification of countable discrete 
amenable group (resp. outer) actions on an AFD factor, it is only natural to 
consider the same problem for a continuous group. The first step to this goal 
is obviously the study of one parameter automorphism group {at : t e M} 
of an approximately finite dimensional factor iRo of type Ei. The first steps 
were already taken by Y. Kawahigashi, [Kwl, 2, 3, 4], who classified, up 
to cocycle (or stable) conjugacy, the most of one parameter automorphism 
groups of "JIq constructed from concrete data, which was extended to the case 
of type IK by U-K. Hui, [Hu]. But the general ones with full Connes spec- 
trum are left untouched. One of difficulties is the lack of technique which 
allows us to create a one cocycle {us : s e R} for a projection p e Proj(iRo) so 
that the perturbed one parameter automorphism group {Ad{ut)°at : t e R} 
leaves the projection p invariant which allows us to localize the analysis of 
the action. If a projection p G Proj(IRo) is differentiable relative to a, then 
the derivation 5a associated with a generates a desired cocycle. But we don't 
know the answer to the following basic question: 

Question: Does the C* -algebra: 



contain a non-trivial projection? 

If p G Proj(A), then for each smooth function / G C^(R) with compact 
support the element: 



is smooth and one can choose / such a way that \\p — p(/)|| is arbitrarily 
small so that Sp(p(/)) is concentrated on a neighborhood of the two points 
{0, 1}, which allows us to generate a non trivial differentiable projection q 
near p via contour integral: 



On the other hand, thanks to the exponential functional calculus, one can 
generate plenty of differentiable unitaries. For example, if /i G ^s.a: then 
for a real valued smooth function /, we get a differentiable unitary element 
exp (i/(/i)) of A which can stay near the unitary exp(i/i) in norm. Hence the 
group of differentiable unitaries is cr*-strongly dense in the unitary group 






U(aio). 



Y. KATAYAMA AND M. TAKESAKI 
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